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Abstract. In this paper, closed forms of the sum formulas Yy _ ka* W2, S"r_ ka" Wi oWy, and 33 ka* Wi Wi
for the squares of generalized Tribonacci numbers are presented. Here, {Wy, }mez is the generalized Tribonacci se-
quence, n is a non-negative integer and z is a real or complex number. As special cases, we give summation formulas
of Tribonacci, Tribonacci-Lucas, Padovan, Perrin numbers and the other third order recurrence relations.
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1. Introduction
The generalized Tribonacci sequence {Wy, (Wo, W1, Wa;r, s,t) }n>o (or shortly {Wy}n>o0) is defined as follows:
Wn =1rWho1+sWp_2+ th—37 Wo = a, Wy = b: Wa = ¢ n > 3 (11)

where Wy, W1, Wy are arbitrary complex numbers and r, s,t are real numbers. The generalized Tribonacci sequence
has been studied by many authors, see for example [1,2,6,7,13,14,19,20,21,23,35,36,37,38].
The sequence {W, },>0 can be extended to negative subscripts by defining

s r 1
W_, = _wa(nfl) — wa(n72) + EW—(nf?))

for n =1,2,3,... when t # 0. Therefore, recurrence (1.1) holds for all integer n.
In literature, for example, the following names and notations (see Table 1) are used for the special case of r,s,t

and initial values.
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Table 1 A few special case of generalized Tribonacci sequences.

Sequences (Numbers)

Notation

OEIS [22]

Tribonacci
Tribonacci-Lucas
third order Pell
third order Pell-Lucas
third order modified Pell
Padovan (Cordonnier)
Perrin (Padovan-Lucas)
Padovan-Perrin
Pell-Padovan
Pell-Perrin
Jacobsthal-Padovan
Jacobsthal-Perrin (-Lucas)
Narayana
Narayana-Lucas
Narayana-Perrin
third order Jacobsthal
third order Jacobsthal-Lucas
3-primes
Lucas 3-primes

modified 3-primes

{T} = {V,(0,1,1;1,1,1)}
{K.} ={Va(3,1,3;1,1,1)}
{PY = {V,(0,1,2;2,1,1)}
(@) = {Va(3.2,6:2,1.1))
{EPY = {V,(0,1,1;2,1,1)}
{P.} = {Vn(1,1,1;0,1,1)}
{E.} = {V,(3,0,2;0,1,1)}
{Sn} = {Va(0,0,1;0,1,1)}
{R.} = {Vi(1,1,1;0,2,1)}
{Cn} = {Vin(3,0,2;0,2,1)}
{Qn} = {Vn(1,1,1;0,1,2)}
{Ln} = {Vi(3,0,2;0,1,2)}
{N,} = {V,(0,1,1;1,0,1)}
{Un} ={Va(3,1,1;1,0,1)}
{H.} = {Vn(3,0,2;1,0,1)}

(I} = {Vi(0,1,1;1,1,2)}
GPY = {Va(2,1,5;1,1,2)}

{Gn} = {Vn(O, 1,2;2,3, 5)}
{H"} = {Vn(37 2,1052,3, 5)}
{E.} ={Va(0,1,1;2,3,5)}

A000073, A057597
A001644, A073145
A077939, AOT7978
A276225, A276228
A077997, A078049
A000931
A001608, A078712
A000931, A176971
A066983, A128587

A159284
A072328
A078012
A001609

A0TT7947
A226308

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples are

Sho k(DT = ()" (0 + 1) Tiys— 20+ 1) T o+ (3n + 2) Ty =2 (0 + 2) Tt Tats +2Tnt2Thr1) +1)

and

S o k(=D NZ = L(-1)" (3n+ T) N7 13— (6n 4 5) N7 o+(6n — 1) N 1 —6Nni3Nni2—2 (3n + 7) NpysNny1+
2(3n+10) Npy2Npt1) — 1).

In this work, we derive expressions for sums of second powers of generalized Tribonacci numbers. We present
some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence sums of second powers sums of third powers sums of powers

Generalized Fibonacci  [3,4,10,11,12,24,33,30]  [9,25,27,28,31,32,39] [5,8,15]
Generalized Tribonacci [17,26,29]
Generalized Tetranacci [16,18,34]

Let
A = (—t°2° + sz + rta® + 1) (rPz — $*2® + 22 + 252 + 2rt2® — 1).

THEOREM 1.1. If A # 0 then
(a):

= A
Z kip2 A1
k=0
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(b):

~ i A
Zﬂv Wi aWy = —=
k=0 A

(c):

" A
> @t Wi Wi = 3,
k=0

where

Ay = —a" PP (Pad sedrta? —1D)W2 s —a" P2 (rPe+ 22 +se 2t at drta? frisa® +r3tad 4 2rsta® — 1)
W2 — 2" (r?r 4 s22? — 8323 + 1205 4 so + r2t%2* + 222 +rta® +r2s2® + 3t + drsta® — —-1)
W2+ 22 (t22® + sx + rta® — )W3F 4 x(r?x + t22® + s + r2t%2* + rtx® + r2sa® + r3ta® + 2rsta® — 1)
W + (r x4+ s2x? — s%2® 4 t22% + s + 2%t 4 220 4 rtx? + rPsa? + r3ta® + drsta® — rs?tat — 1)
WE 422"+ (r+tx)(s+rtx)WhisWhieo +2x"+4t(r+ stm2)W7L+3 Wht1— 21:"+4t(s:v —1)(s+rte)WypoWipg1—
223 (r + tx) (s + rtx) Wo Wi — 2ta® (r + sta?)WaWo + 223t (sz — 1)(s + rtz)WiW,

and

Ao = 2" 3 (r + ste)Wiis + 2"t +18) (s + rtx) W2 o + 2" T2 (r + sta®) W2, — 2" T2 (r%2 + s%2% +
222 + 2rstx® — DWhysWhio + a:"+3t(r2x — 222 —22% + DWhysWhir — "t (7‘213 +8222 — S + 223+
sz + rta? + r?sa? + 3t — rt32® — st?zt + 2rsta® — rs®tat — DWhioWihg1 — z? (r+ stxz)W22 — x3(t +
rs)(s + rtx) W — 232 (r + stx®)W§ + x(r’z 4+ 22 + 223 + 2rsta® — DWWy — 22t (r?z — s%2? — 22 +

DWWy + (r2x 4 s22? — s323 4+ 1223 4 sz + rta? + r2s2® + r¥ta® — rt325 — st?2* + 2rsta® — rs’ta? — 1)

W1Wo

and

A = 2" T3 (s—s2x+rifrte) W2 s+ 2 (s—s2utr?t2a® —r?sptrtd et —rs?ta® ) W2 a2 (s—sPa+
r2rte) W2 —a" 2 (r +t2) (rPr— 202 H 222 — D)W s Wi —2" T (P22 8202 — s®2® 122 f sw4-r?sa? —
st2x4+2rstx3—1)Wn+3Wn+1 +x"+2t( sz —1)(r 2p—s2x? 1228 — D)Wy a Wit —m2(5—52x+r2+rtac)W22+
z(—s+ 82z —r?t2ad fr2sy —rt3xt 4 rs?ta®)WE — 2342 (s — 2w+ r? drtx) We 4 x (r + ta) (rPz — s + 223 —
DWaWi +(r2a+s%2? — s32® 4+ 1203 + sw+r2sa? — stz + 2rsta® — 1) WeWo —at(sx — 1) (rPz — s?2? + 22> — 1)
W1iWo.

Proof. The proof is given in [29, Theorem 3.1.].

Let

2. Main Result

Q= (—t°2° 4+ sz 4 rta® + 1)°(r’z — $°2° + t°2° + 250 + 2rtz® — 1)°

THEOREM 2.1. Let = be a real or complex number. If Q # 0 then

(a):

Zk Wk:—,

(b):

Z kl’ka+1Wk = %,
k=0
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Z 9)
Dk Wi Wi = 2,
Q
k=0
where
12 12 12
Q=3 Th Q=) & Q=) ¥,
k=1 k=1 k=1
with

I = 2" (n(t?e® — sz — rtx® — 1)(%2® + sz + rta® — 1) (r%x — s%2? + 22 + 250 + 2rta® — 1) + 2r%z —
25202 — 28323 4+ 61203 + stat — 3t 28 + 650 — 2r2 5% — 922t — 202 a® — 6522 0% — 4r3t3a® — 2r¥ttaT 445382
x8 — $%t1a® 4 6rta® — 6rt3x® — 6st?at — 12r%st225 + 2rs* 32" — 6rs?tat — drdstat + 2rsita® — 12rst32® —
3 — 2r?sa® — 6rsta® +r?s2 %28 — 4r3ta®)W2 s,

Do = 2" 2 (n(riz + 22> + s + 220 + rta® + r2s2? + 3t + 2rsta® — 1) (22 — sz — rte? — 1) (r%x —
22?22 + 25w + 2rtax® — 1)+ 4r2x — 2rta® — 25202 4 3t%0% — 1%2% + dsw — 5r2s?a® — 2r2s3xt — 2022t — 2t
s2xt 4+ r2sta® — 8rit2a® — 752225 — 1203328 — 1172427 + 4531225 — 2701228 — 45327 — 2rtta® — 4rts
23— 2rt32® — 2st?at — drPtat — 2rtPa® — 2stta” — 2002 st2x® — 14r3 s ta® + Ars?t3xT + 2r3s3ta® — 160 st a8 —
14735327 + 2rsta® — 18r2s%t22® + 602531227 + rs?t22” + 23524328 — 1252142 — 8rstat — 16r3stat — 6
rs3tz® — 18rst®z® + drstta® — 4rSsta® — 2rst®z® — 2+ 47’t1’2)W3+2,

I3 = 2" (n(t?2® — sz —rta® — 1) (rPo+s22® — 323 + 203 + sw +r?t22? 4 s2 %2 4 rta® 4 risa® 4 ri3ta® +
drste® —rs’ta® —1)(r’z — s?2? +t%0% + 2524 2rta® — 1) + 2r%z — rla? + %0 — 4s32% + stat + 25525 — $Sab 4
3t1a® —2t52°% 4250 —4r?s%ad —rts?rt 4 2250 a® — 4rtt?2® — 2521225 —8r3t32® — 1002t " — r0t22% — 2151327 —
251227 — 2ritte® — 8524 a® — 2r3t°2° + 25%1%2® — r?5210 4 43t x® — sMM2t0 4 2rt32® 4 25822t — 275t
xt — 4rtda® — dstta” — 147251225 — 8r3s2ta® + 4r3s3taS — 10rtst?2® — 10r3st32” — 8rs®t328 — 6r2stia® +
2rs't32® 4 2rs?tPx10 + 6rsta® — 19r2s%t%28 + 82531227 + 2rts?t%a” — r2stt2a® — 2r2s% 420 — 12rs2tat —
12r3stat — 4rsdta® — 16rst32® + 10rs*ta’® — 2r5sta® — 2rs®ta™ — 8rst®s® — 1 + 2rta? — 2rtsa®) W2, 4,

Iy = 22" (n(r +tx)(—t22® + sz + rta® + 1) (s + rtz) (rPe — s?2? + 1223 + 252 + 2rta® — 1) + 2r3s%2% —
drs+8r3t2 a3 + 8r23xt + 2r5t2at + 4rttda’ — 21325 + 2031128 4 3rs2 x4+ 3rdsx — 5r2ta + 2rs3a®? — 6rt? e —rst
23+ drita® + 4s%ta? 4 353 ta® + 6rtta® + st at — 2shtat + st°27 — 5staw +10r2s%ta® + 12rs% 22t — 2123 tat +
1473 st 2% —5rs3t22° +13r2st3 2% +rs?tta” —r3 2225 — 2r2 21328 +10r2 st +10rst? 2 +4r4stx3)Wn+3Wn+2 ,

s = 2ta" M (n(—t?2® + sz + rte? + 1)(r + staz®)(r?z — %2 + 22 + 2sz + 2rta® — 1) + 3z —
dr 4+ r2t32° — 252325 4+ 3327 — 6sta® + 2rs?a® + 2r8sa? — rsPxd 4+ 2r%ta? + 2rt?ad + ritad 4 557t 4+ 4
SStat +2rt* a8 +65t30° — 35t ta® +3rsa+11rs220® +3r3st2a® — 2rs3 1228 + 2r2 st3 28 + 9r2 sta® +- drst?a* —rstt
7+ 4r252tx4)Wn+3Wn+1,

Te = 2tz (n(sz — 1) (s +rtx) (t2® — sz — rta® — 1) (r2x — s%2% + t%2° + 252 + 2rta® — 1) 4 8s%x — 45 —
2532% — 4523 425521 —2r2 5% — 3r2s53 23 + 3r2 22 4 2Pt — 452 P at 33 0% — 2t e + Ardta® 4 4rtBat 42
st?a3 +rt’x” 4 2st*a® — 5rtx 4+ 4r?st?at — 603522t + 2rs? 328 — 3rtst?a® — 2r3st32® — rs a4 r?stts +
12rstz? — 14r2s2822° + 272534228 — rs?tx® — rista® — 14rsita® — 6rst3x® + 4rstta® + 3r25x)Wn+2Wn+1,

Iy = 2?(—r?x +2s%2% — 3622 + 1%2° — dsw + 1?6203 + 8r2¢20* 4 r422® + 75%4%0° + 203325 4- 21212 —
453220 — drta® + 2risz? + 4r3ta® + 2rt3a® + 2st?2* 4 2528 + 2st*x” + 6r%st?a’ — 2rs?t3x” + 8rsta® +
2r3sta® + 10rst®z® + 2)W3,
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I's = :c(—2r2x + rix? + 25222 — 25323 + stxt — 3t1x® + 252° — 25z + 2025222 + 21283t + 1t +
Artt2x® + 85%422° + 8r3 328 + 1002t 2" — 452122 + 15220 + 2001327 + 2rttta® — s%tta® 4+ 23 P20 4 20210 —
2rtx? 4 2rtsa® — 2rt32® — 2st2xt 4 2r5tat + 4rtSa® + 4st* " + 1002 st x5 + 81352 ta® — 2rs?t3x” 4+ 8rtst?al +
10r2st®a” —2rs3t3ad +arstia® 4 2rsta® +10r2 52122 —4r2 531207 —2r2 213 2B 4613 stat +6rs>ta’® +12rst® 28 —
2rstta® + 2r0sta® + drstda® + 1)WE,

Ty = 223 (=2r%x + 25%2% + 25523 — 6122° — s*a* + 3t* 25 — 652 + 2257 2% + 9r2t2at 4+ 20422 + 6524225 +
43320 4+ 2r%tta” — 4534225 4 $%t1a® — 6rta® 4+ 2r2sa? + 4rdta® + 61325 + 6520 + 12r%st22® — 2rs? 327 +
6rste® — r2s2t2a® + 6rsita® + 4rdsta? — 2rs®ta® + 12rst32® + 3)W02,

I'o = —2563(—31“8 +7r38222 673223 + 5r2 3t + 02t + 2rt 3 + 2r3 b - 2r2t% " — P38 - 2rs?r +
23 se —artte +rsPa? — bri®a? 4+ 3rita? 4 3s2ta? + 2532 + artta® + 2st32* — sttt + 828 4+ 2st°2" — dsta +
4r2s%tx® 4+ 8rs®tiat + Trist®a® — 4rs®t?a® 4 10r2stPe® — 2r2 %1320 + Tr?sta® + 6rst®a® + 2rtsta® 4 3rstta”)
WaWh,

I = —2tz> (—=3r+ 23z — 322 + 202325 — 24328 — Bsta? +rs?x? +risa? +rlta? +4s%tx® + 353t +
Srttal 4dstda® — 25 ta® 4 stP x4 2rsx4-dr?sitat +-6rs2t?a® + 23 st?a® —rs3t2ab £ r2st3 x4 dr?sta® +drst®at)
WaWo,

T2 = 2tx3(3s — 6822 + 25322 + 25423 — %1t + 2025222 + 2r2s3 2% — 2022 2% — 420t + S22t — 242t +
2531205 — 5220 425240 — 2r2 s — 3r3ta? — 2rt3xt — 2rtS1” —3st*aS +drtr 4+ 4r3 st tat +rs? 3 a0 + 2rtst? S +
r3st328 — Orsta? + 8r2s%t22% — r?s3 1220 + drs?ta® + 2r3sta® + Trsdtat + 2rst32® — 2rsttx® + rstsxs)Wl Wo

and

&y = 2" 3 (n(r + sta?)(—t%2® + sz + rtx® + 1) (r2x — s%2® + 223 + 25z + 2rta? — 1) + 2r3z — 3r —
r3t2z* + 2r232° — $2325 — Bsta® + rs?a® + rdsa® + rPta? + 45%ta + 3s%ta? 4 3rt*a’ + 4st325 — 2s*
ta® + st°2® + 2rsx + 4r?sitat + 6rs?t2a® + 2r3st22® — rs®t2a® + r2st3x® + 4r?sta® + 4rst2x4)W3+3,

Oy = "t + rs)(n(s + rtx)(— 3223 4 s + rtx? + 1) (rPx — s%2? + 223 4+ 252 4 2rta® — 1) 4+ 3872 —
4s 4 25322 — s*a® 4+ 225222 + 3r2t22® 4 2t 2at + 3320 — 320 4 3r?sx 4 4rdta? + 4drtdat + 2st%2® +
r°x” + 2st*a® — 5rtx + 8r2st2xt + 6rsta® — r2s2t2a’® + Trs?ta® 4+ 4rdsta® — 2rs3tﬂc4)Wf+2,

&y = 2" (n(r 4 sta?) (—t22® +sx+rta® +1) (rPe — 22 + 1223 + 252+ 2rta? — 1)+ 33 —dr + 02325 —
252325 + 31327 — 6sta’® 4+ 2rs?x? + 2r3sw? — rsdad 4 2r2ta? 4+ 2rt?a® + rtead 4 552 tad 4+ 4s3tat + 2rttaS +
65325 — 3stta® + 3rsx + 4r?sita® + 11rs2t225 + 3r3st?a® — 2rs®t225 + 2256328 + 9r?sta® + drst®at — rstt
a:7)W3+1,

Oy = 2" (n(t?0® — sz —rta® — 1) (rPx + %2 + 203 4 2rsta® — 1) (rPx — %2 + 20 4 250+ 2rta? — 1) +
4?2z — 2rtz® 4+ 45%2% — 25303 + 3t%0% — 2sta* + 552% — 1900 + sz — 4r?s%ad — 20?532t — 6122t 4 riPaS —
8s2t2x5 — 4r3t3x® — 4r?tia” 4 253220 4+ sM22” — 25%t%a® — 2r%sa? — risa® — 2r%ta® — 25?2t + sttx” —
10r2st2x® — 8r3s%ta® + 2rs?t3x™ — drist®x® — 2r8st32” + 6rsta® — 142524220 + 2r2 3122 — 8rs’tat — 813
stet — 10rs3ta® — 16rst328 + drstta® — 2rst®2® — 2)Wit3Whia,

&5 = ta" 3 (n(—t22® + s+t +1) (e —s2x? — 223 + 1) (rPx — s%2? + 2% 4 2504 2rtw? — 1) +3rta® —
22465222 — 45323 +6122 — 3512t 425525 — 3t 2 + 252 — 21252 —4r? Pt —4r? 22t — 1052225 — 2r3 325 +
4534228 — 25%t%2® + rta? — 2rt32® — dst®xt + rPtat + rtP2® + 2stha” — 4r?st?2® — 2r3s%ta® + 2rs?t3a" —

2r2s2t22% — 2rs?tat + 4rd3stat — 8rsita® — 12rst®28 + rstta® — 3 4+ 4r?sa? + 2risa® + 2r3t:c3)Wn+3Wn+1,
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Og = "M (n(t?2® — sz — rta® — 1)(rPx — 22 + t22% + 252 + 2rta? — 1)(rPx + 22 — P2 + 123 4
sz +rte? + risx? + rita® — rtda® — st?at + 2rsta® — rs®tat — 1) + 2r%x — 112 4 s%0? — 45303 + sMat 4 250
x5 — %20 431105 —2t52° 4 250 — 4r?s% w3 — 5222t —risPat 4 2r%sta® — 4524205 — 212t " 4+ 8531220 — 15120 +
2t a® — 352408 — s21208 — r20x 10 4 253140 + 2rta® — 3st2at — 2r0tat 4+ 2rt0 a8 + 518210 — 2rtsad — artda® —
2r2st2x® —4rds®tad + 16752307 +4r353ta® — 5rist?ab + 4rdst3z” — 2rs3 1328 + 8r%stta® + 21525210 — 2rstad +
10r2s3t227 4 2rts?t227 — r2st22® 4 203524328 — 202524 % — 6rs®tat — 6rdstat + 8rstta® — 2rista® — 2rs®
te’ — 6rst®z® — 1 — 47"8753306)W71+2Wn+17

Oy = 22 (2r — 3z 4 27320t — 3r2t32® 4 3327 4 dsta? — rsPa® 4 20?2 4 rtta® — 3572 — 25512t —
drttab — 2st3a® + stta® — 2stP2® — rsx — 4r?s2tat — rs?22® — r3st225 + r2sta® — drst®at — rst4m7)W22,

Dy = 23(t +1rs)(3s — 2570 — s°x? — r?s%x? — 2r2%x® — Pt — SPtPat — rPtta® 4 25%1%0° — 2r?sa —
3r3ta? — 2rt3at — 2rtPa” — 3st*a® + drtx — 3r?st?at 4 rs?t3aS — drsta® — 2rsita® — 2r3sta® — 2rst3aS)WE,

by = 1223 (3r —2r3 41320 — 2021305 4 2328+ Bsta® —rsx? —r3sa® —rita? —4s%ta® —3s%tat —3rtta’ -
4st32® + 25 ta® — sto2® — 2rsx — 4r?sitat — 6rs?t2x’ — 2r®st?a® + rs®t?al® — r2st3a® — 4r?sta® — 4rst®a?)
W,

D9 = —x(2r2x —rtx? 425222 —stpt + 3t 28 —2t82° — 2125223 — 212531t — 4?22t + 2022 — 6522 2% —
43328 —ar?ttaT 4+ 25420 T — 252t a® — rta® — 2r2sa® — 2r3tad + 2rt3 2® +r0tat —rtda® —8ristia® —6r®s?ta® —
2rs?t3x" — 2rtst?al 4 2rs3t32® — 2r2stta® — 4?2208 — drsPtat — 2r3stat — drsPta® — Srstdal 4 rstta’ —
drst®z® — 1)WaWh,

b = tx2(2r2$ —2rtx? — 45%2% + 2532 — 31223 + 2stxt — Px® + 1820 — sz + 2r2s%xd + 20232t +
6r2t2zt + r422° + 85%%2® — 2r¥tta” — 2531228 — sM2a" + 25242 — 2r%sa? — rtsa® 4 25tz — stia” +
2r2st?2° + drsta® + 202521228 + 4rsBtx® + 8rstdx® + 2)W2Wo,

Dy = tx3(3t — 61323 + 3t925 + 6rs — 2r3s%22? — 2031223 + 4r?32* — rPt%2t + 252320 + 2134420 —
253305 — drs?z — 4rdsx 4+ 2r2tw — 2rs3x® — rt?a? — 3rtta? + 4s%ta? — 453 tad 4+ 2rt*a® + 4stdzt — 352t +
25%ta® —rt®a® — 2stP2” — 2sta — 6r2s%tad — 6rs2t?at — Ar?sPtat — 2rdst?at — drs®t?a® + rstt?a® — 2rs?tta’ —
213524225 — 6r2stx?® — 2rtstx® + 6rst4x6)W1 Wo

and

Uy = (n(—t?2® + sz + rta® 4+ 1) (s — s?x +r? +rtx) (r’e — s22? + t22® 4+ 252 + 2rta® — 1) + 2r'z — 3s +
6522 — 25322 — 25%0% 4 P2t — 3r? — r2s22? — 2r%s32® + 2r%t22® — s2%at 4 23305 4+ 4rtttaS — 2531205 +
st2a0® — 25242 + dr?sx + risa? + 4rdta? + 2rt32* + 2rt52" 4 3st*a® — drtx + 4r?st®s? — 20571328 + 4rs
ta? — 2r2s%t2 2 + 2r3sta® — 4rsdtat + 2rst3x5)x"+3W§+3,

Uy = (n(t?2® —sx—rtax® —1)(r’o—s®2? +t22® + 250+ 2rta® — 1) (—s+s2w —r2t22® +r2se—rt* ot 4 rs’ta®)
+ 452z — 25 — 25322 — 4r?s?2? — 2r2s30® — BrPt?a® — ris?ad  Arti?at + 25220t + 8r33a® + 8r¥ttaS —
453422% + 2r®t3 2% + 25422 + 4rttiaT — 35212 T + 2r3t°2® — 2rtsa® — 6rtdxt — 25223 + 6rtP” + 4stia® +
2r2st2at — 4r3sitat — 2rst 308 — 4rds3ta® + 4rtst?x® + 10r8st328 — 2rs3 32T + 8r¥stia” — 812534205 — 2rts?
1228 4+ r2s% %" — 23524327 — 225702 — 2r8sta® — 2rsPtat + Srst3x® — drstta® + 2rs®ta® — 2rst®a® +
dr?sz)a" TEWE L,

Uy = (n(—t?2® + sz + rta? + 1) (r’e — s%2? + 223 4 25z + 2rtz® — 1)(s — 8%z + 72 + rtx) + 3r'z —

4s+ 8s%x — 2532 — 4s*2® + 25%2* — 4r? — 4128323 + 5r2t2a® + 2022t — 45222t + 2736320 + 202428 — §2
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t*e” + 6r2sx 4+ 2risa? 4 6r3ta? + drtdzt 4+ 25122 + rPta® 4+ rtPa” + 25t 28 — Srix + 8r2st?xt — 2r3stat +
6rstz® — 3r2s2t%a® 4 4rs®ta® + 8r3sta® — 10rs®ta* + rs4tx5)t2:c"+4W3+1,

Uy = (n(r + ta)(t?2® — sz — rta? — 1)(r’z — s22? 4+ t22® — 1)(r?z — s%2® + 2% + 252 + 2rta® — 1) +
ar3x — 2r — 2r°22 + 6132 — 3t%2" — 3tz + 2r®s%a® + 233zt — 8r32at — 8r:Pa® — 4rtt3aS — 252320 —
8r3tia” — 4r?tPa® 4 2534327 + 2sta? — drsia® — 2r8sa? + drsPa® 4 6r2ta? + drt?ad 4 2rstat — rPsad — 5rit
x® — 45%ta® — rsPa® + 4% txt — 2t a® — 4st®a® 4 3stta® — 255128 + 25t°2® + rsx + 6r2s%tat + 8r2s3ta® —
8r3st?2® + 10rs3t2x® — 127251325 — 2rs* 22" + drs®tia® + 4r3s%t22% + 4252327 — 6r2sta® — 2rst?at —
2rtstxt — 11rst4x7)x"+2Wn+3Wn+2,

U5 = (n(t?2® — sz —rta® — 1) (r?z + 822 — 32 + 1223 + sz + risa® — st®x* 4 2rsta® — 1) (r?z — s%2% +
122 4 28 + 2rta® — 1)+ 2r2x — ria? 4 s22? —4s%2® + st + 25525 — 582 4 3t 08 — 21020 + 252 — 40?5703 —
4r2t?zt —rt st 12025t xS 4 2r %S — 45212 2% — 4332 —4r?tta" 48534225 — 357112 ® — $Pt2a® + 253142 — it
x? — 2rtsx® — 2r3tad 4 2rtPa® — 3st®at + rOtat — rtPa® + st210 — 2r2s1%2° — 6r35%tad + 6rs?t3a” — rist?
20 4+ 2rs3 328 — 4r?stta® — 27257225 + 202531727 — 2r3stat — drsPta® — 8rst3aS + Srsttal — 4rst®a® —
D" W3 Waa1,

Vg = (n(sz—1)(—t?2® + s +rta® +1)(r’e —s2x? +t22® 4 250+ 2rta® — 1) (rPe — 822 +t22® — 1) + 4122 —
2rda? 65222 +85322 + 3122 — 25t —45° 5 + 25028 —152° +dswx+4r?s2a® —6r2t2at 4 2rt % at —4r?sta® 4rte?
x5 — 431320 —4r?ttaT 4+ 4534220 — 35207 —8rPsa? 4 2rtsa® — 2r3ta® —8st?xt 4 dstt T +Ar?st?a® +4rdsPtad +
14rs*t32™ — 2r3s3ta8 + 4r3st®s™ — 2rs3t3a® + 4r?stta® — Brsta® + 61252225 — 2253227 + drsPtat + 2
r3stx? — 6rstx® — 8rsta® + ristx® + rs®ta’ — rst®x® — 2)t1:"+2Wn+2Wn+1,

Uy = (25 — rtx — 45%2 + 26322 4+ 2r% + 2r%s%0? + 222 + 27?2t — 252170 — 2r332° — 6r%taS 4
4531225 — 251220 + 35214 2" — 2r2 sz — 213t + 25t a3 45t — 3rtd2” —4st*aS 4 3rta — 273 s tat + 4rs? 35 —
orstx? + r2s2t2x® 4 drs*ta® + drdsta® — 2rsStat — drst®a® + rstta®) Wi

Ug = x(s — 2822 + 25322 — 25* 2% + $%x* + 3r2s2x? + 4r22x% + r2stxt — 3rtt?st — 55222t — 6r3t3x° —
5r2t4 a8 4 6531225 — 21328 — 35%225 — 2rttta” 4 452t aT — 2r3t°2® — 2r%52° — 2r%sa 4+ rtsa? + Brtdat +
4st®z3 — 4rtPz” — 5stta® — rt7w0 — 2r%st?xt — 27352 ta? + 2rs%t320 4 4r3s3ta® — drtst®a® — 4r3st3a® +
2rs3t3x” — ar?sttas” — rstt3a® 4 2rs?tPa® + rsta® + 2r2 3122 + 1152228 + 31252t a® + drsta® 4 2rdsta® —
drs3tat — 8rstd3a® + drstta® — rOstat — rs®ta® + rst5ﬂc8)W12,

Uy = 223(3s — 2rte — 652z + 25522 4 25%2% — sz + 3r? 4 r25%2? + 2r%s%0% — 2021203 4 %%t —
238325 — 4r2t*aS 4 2534225 — 5220 + 252t 0" — drPsx — rtsx® — drdta® — 2rtPat — 2rtPa” — 3st*aS + drtx —
4r?st?2* + 2rs?t320 — drsta® + 20252225 — 23 sta® + drsdtat — 27‘st3m5)W02,

Ui = m(—rﬁta:4 — 279225 + 2% 4 2r4s%tx® — 3rtstrt + 3r*e3x8 + artex® — 21352228 — 235223 +
4r3st22° 4+ 2r3sa® + 83t a” + 6r3t2at — 2r3x — r2s a2’ — 20253 ta® — 4r?s2t3 2" — 6r2s%tat + 8r2st32% 4 102
sta® 4+ 5r2t°a8 + 4r?t3x® — 3r2ta® 4 2rstt?a” — rstat — 6rs3t22® — ars®a® — 6rs’tia® 4 2rs?t2a® + drs?a® +
8rstia” + drst?at + 2rt8x® — 3rtta’ 4+ r 4+ $5tab + s132® — 251 a® — 2534327 — 453 tat — 252520 + 452320 +
45%tx3 — st®ax® + 251325 — sta? + 1720 — 3tz + 2x)Wo W,

Uy = ta? (2r+2r3m72r5x276t3m4+3t5m7+3tm+2r3s3m4+4r3t2m4+4r2t3m5+282t3x67253t3x772stx27
8rs?x?—6rsw?4+2r2ta® —art? s +2rstxt —rdsad —3rttad 4452 ta® —rs®a® — 453 tat + 2t o+ 4st3 2 — 35ttt +
25%t25 — 25t°2® + Brsx — 6r2sitat + 2rs?t?2® — 61531228 + 8r2st3x5 — 202 stad 4 2rstixt — 2rtstat 4 5rstia’)

W2 WO,
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Ui = 75:10(—7"575:c4 — rts22t 4+ rtst?8 — 2rtsx® — 29t ?2d + rta? + 27852 — 4rist3s” — 6ristxt +
ar3t328 4+ or3ta® + 2r2sta® + 2r23 122" + 2r2 830t — 6r2s%t2a® — 4r?s%0% — Ar?stia® — 2r2st?a® 4 6125w 4 412
tre” + 4?2zt — 222 + 3rstta’ + 2rs3t3x® + drsPta® — 1075?3127 — 8rs?tat + drst3x® + 8rsta® + rtPa® —
2 t32® + rta? — %28 — $21%08 + 2552 + 4s* %7 + 3stat + 253140 — 6531220 — 85323 — 35214 4+ 45242 0° +

55222 — st + 3st?2* — 257 + 2t62° — 3428 + W1 Wo.

Proof. First, we obtain ) ,_ kaz®W72. Using the recurrence relation

Wn+3 = TWn+2 + 5Wn+l + th

or

th = Wn+3 - TWTL+2 - 5Wn+1

ie.

W2 = (Woys —1Wayo — sWii1)? = Wais + 12 W2 o + Wi — 2rWoisWage — 25WisasWig1 + 2rsWaga Wit

we obtain
P xnxz"W: = nxa"Wia+r xnxa"Wi,+s* xnxa"Wa,
—2r X n X " WintsWhia — 28 X n X 2" WhisWha1 +2rs X n X 2" Whpa Wit
Pxn—1)xz" "W, = (-1 xa" "Wio+rxn-1)xa" "W+ x(n—1)xz" "W
—2rx (n—1)x 2" " WhioaWni1 — 25 X (n— 1) x 2" " W2 W,
+2rs x (n—1) x 2" W1 W,
Px(n=2)xa" Wiy, = (n—2)xa" Wi+ x(n—-2) 2" PW:+s x (n—2)xz" *W;_,

—2rx (n—2) x 2" PWhp Wy — 25 X (n—2) X 2" *Wyp1 W1

+2rs X (n — 2)z" W, W1

Px1xs' Wi = 1xa' Wi+ x1lxz'Wi+s>x1xa' Wi
—2r X 1 X ' WaWs — 25 x 1 X ' WyWa + 2rs x 1 x 2 W3 Wa
Px0x2'We = 0xz’Wi+r2x0xz"Ws +s°>%x0xaz"Wi

—2r x 0 x x0W3W2 —2sx 0 x moWng +2rs x 0 x zOW2W1
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If we add the equations side by side, we get

t? Z kx*WE = (na"Wliis+ (n—1a" " "W2i,+ (n—2)2" 2Wi,
k=0

FIxa W+ 2x 2 WE + 3 x 2 WG + Y (k- 3)a" W)
k=0

+r2(nx"Wﬁ+2 +(n— 1)x"71W3_,_1 +1xa ' WE+2xa*We+ Z(k - 2)xk72W,3)
k=0

+32(nx"W§+1 +1x a7 "W+ Z(k — 1)xk71W,;2) —2r(nz" Wpt3Whia
k=0

= D)a"  Wasa Wit + 1 x & T WalWi + 2 x 2 " WaiWo + > (k — 2)2* Wi W)
k=0

—23(nonn+3Wn+1 +1x IE_1W2WO =+ Z(k — 1)mk_1Wk+2Wk)

k=0

—|—2rs(nann+2Wn+1 +1x l’_1W1W0 —+ Z(k — 1)33k_1Wk+1Wk)
k=0

and so

t? Z kW2 3 (rPz + 22 + 1) Z ka* W2 — 273 (2r%z + $*2® + 3) Z "W (2.1)
k=0 k=0

k=0

n n n
—2sp~ ! Z kkaka+2 + 2837t Z kaka+2 + 2r(sx — 1)1:_2 Z ImkaH Wi
k=0 k=0 k=0

+2r(2 — sa:)x_2 Z a:kaHWk + na:nW,%Jrg, + (n+ nrix — 1)1’"_1W3+2

k=0

2

+(n — r’x + nriz + ns?x? — 2)33"72W3_,_1 —2nrz" Wy oaWyis

—2nsz" W,y 1Wyts + 2r(—n + nsz + 1)xn_1Wn+1Wn+2
4o W5+ (FPx 4 2)z PWE + (2% + 22 + 3)a WY
—2rz WA We — 252 1 WoWs + 2r(sx — 2)x72W1W0

Next we obtain > p_, kx* W1 Wi. Multiplying the both side of the recurrence relation

th = Wn+3 - rWn+2 - SWn+1

by Wyt1 we get

tWosaWyn = WyisWhy1 — rWihypaWhyr — 5W72L+1-
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Then using last recurrence relation, we obtain

txn Xz WoeiWy, = na"WpisWat1 —r xnx 2" WhioWhi1 — s X n X onEH
tx (n=1)xa" "TWWno1 = (n—1)xa" "WypaWn —7 x (n—1) x 2" " Wp1 Wy,
—sx (n—1)xz" W2
tx(n—2)xz" Wy iWyn2 = (n—2)xz" *WyWno1 —7x (n—2) xa" W, W,_1

—sx (n—2)x " *Wr_,

tx2x 2 WsWy = 2><a:2W5W377‘><2><W4W3fs><2><x2W32
tx1xzWoW; = 1><xW4W2—r><1><acW3W2—s><1><xW22
tx0x 2®WiWo = 0xz®WaWi —7 x 0x 2°WalWi — s x 0 x 2" W7

If we add the equations side by side, we get

£y kWi Wi = (na"WapsWaia + 1 x a7 WolWo + > (k= 1)a" Wi 2 W)
k=0 k=0

—T(nl‘an+2Wn+1 +1x .T71W1W0 =+ Z(k — 1)$k71Wk+1Wk)
k=0

—s(nz" W2 +1xz 'W§ + Z(k —1)z" W)
k=0

and so

tz kszkHWk = —sp* Z ksz,f +szt Z ka,? +z7t Z kkakaH (2.2)

k=0 k=0 k=0 k=0

7! Zkaka+2 —px ! Z k:o:kaWkH +orzt Z kakaH

k=0 k=0 k=0

n n n ].
st W2y 4 na" Wi sWigr — 0z W2 Wt — ~WE + ~WaWo — Wi,
X X X

Next we obtain ZZ:O kkak+2Wk. Multiplying the both side of the recurrence relation

tW, = Wn+3 - TWn+2 - 5Wn+1

by Whta we get

tWo2aWhn = Wiy sWiia — 7”W7%+2 — sWhnioWhqa.
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Then using last recurrence relation, we obtain

2
txXn X" WypaW, = nz"WypsWogo —rXnxa"Wiio —sXxXn X a" WypoaWiir
1 1 12
tx(n—=1)xa"" WptiWyno1 = (n—1)x 2" WypoWhpr —r X (n—1) x 2" "Wy,

—sx (n—1)x " Wi W

tx (n—2)2" 2 WuWn 2 = (n—2)xz" *WuWy —7x (n—2) x 2" 2W2 —sx (n—2) x 2" *W,,W,_1
tXx2x 2WaWy = 2><ac2W5W4—r><2><m2Wf—s><2><x2W4W3
t><1><:c1W3W1 = 1><a:1W4W3—1"><1><x1W32—s><1><x1W3W2
t><0><a:°W2W0 = 0xx0W3W2—r><0><x0W22—s><0><:rOW2W1

If we add the equations side by side, we get

tz kaWJH_QWk = (nman+3Wn+2 + (n — 1)In71Wn+2Wn+1 +1x 1‘71W2W1
k=0

+2 x 2 Wi Wo + Z(k — 22" Wi W) — r(na"Wiis 4 (n— )™ Wi,
k=0

Hlxz 'WE+2xaWE + Z(k — 2)mk72W,€2) — s(nx" Wyyo Wit
k=0

+1 % :L'71W1W0 + Z(k - 1)$k71W1€+1W1€)
k=0
and so

t Z k" Wi oWy = —rz 2 Z k" W2 + 2rz 2 Z "WE — (s — 1)z 2 Z k" Wi Wi (2.3)

k=0 k=0 k=0 k=0

+(sz —2)x~? Z Wi a Wy, — nra" Wi s —r(n — Da" " W2,

k=0

+nz" WitsWiia + (n — nsx — 1)x”71Wn+2Wn+1 — %Wf
1 _
72%W02 =+ ;WQW;{ - (S:L' - 2)1’ 2W1W0
Using Theorem 1.1 and solving the system (2.1)-(2.2)-(2.3), the results in (a), (b) and (c) follow.

3. Specific Cases

In this section, we present the closed form solutions (identities) of the sums S_p_, ka* W2, S°7_ ka* Wi oW,

and "3, kx" Wi 1 W), for the specific case of sequence {W,}.

3.1. The Case z = 1. The case z = 1 of Theorem 2.1 is given in [30]. In this subsection, we only consider the
casex =1, r=0,s=2,t=1landz=1,r=1,s = 1,¢t = 2 (these two special cases were not given in [30] because
we can not use Theorem 2.1 directly). Observe that setting x =1, r=0,s=2,t=1landax=1,r=1,s=1,t =2
(i.e. for the generalized Pell-Padovan case and for the generalized third order Jacobsthal case) in Theorem 2.1 (a),
(b) and (c) makes the right hand side of the sum formulas to be an indeterminate form. Application of L’Hospital

rule (using twice) however provides the evaluation of the sum formulas. If z = 1, r = 0, s = 2,¢ = 1 then we have the
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following theorem (in fact taking x =1, r = 0,s = 2,¢ = 1 in Theorem 2.1 and then using L’Hospital rule twice for

x = 1 we obtain the following theorem).

THEOREM 3.1. Ifr =0,s =2,t =1 then for n > 0 we have the following formulas:

(a): Sp_okWZ = 2((2n® +18n+ 69)W,i 3 + (2n° + 14n + 53)W2 1o + (2n° + 18n + 85)W 1 — 4(n” +8n +
3D)WotaWaie — 4(n® + 100 + 40)Woi 3 Wii1 + 4(n? + 100 + 38) Wi o Wiy — 53W3F — 41WE — 69W¢ —
116W1 Wy + 124WaWo + 96WoTW1).

(b): > p_ o kWi Wi = 2(—2(n” + 8n+ 31)Wyi5 — 2(n” + 6n + 24) Wy 5 — 2(n” + 10n + 40) W, 11 + (4n® +
30n + 111 Wy 3Wipo + (4n” + 380 + 145) Wy 3 Wit — (4n® + 380 + 137) Wy 2o W1 + 48W3 + 38WE + 62
W — 85WaWy — 111Wa Wy 4 103W, W).

(€): Yr o kWigaWi = 2(2(n® +8n+29)W7 3 +2(n” +6n+22)W;2 o +2(n” + 100+ 38) W7 ; — (4n® +26n +
103) Wit 3Wato — (402 4380+ 137) Wo 3 Wit + (4n2 + 340 +125) W, oW1 — 44W5 — 34WE — 58W§ 481
WaWi + 103WoWo — 95W1 Wo).

From Theorem 3.1, we have the following corollary which gives sum formulas of Pell-Padovan numbers (take

W, = R, with Qo = 1,R1 = 1,R2 = 1).

COROLLARY 3.2. Forn > 0, Pell-Padovan numbers have the following properties:
(a): Sp_okRi = :((2n° +18n + 69)R 5 + (2n° + 14n + 53) R 5 + (2n° + 18n + 85) k5 — 4(n” + 8n +
31)Rut3Rni2 — 4(n? +10n + 40) Ryt 3 Rot1 + 4(n? + 100 + 38) Ryy2Rnt1 — 59).
(b): > _okRey1Ri = 3(—2(n” + 8n + 31)R5 3 — 2(n® + 6n + 24)R} 5 — 2(n® + 10n 4+ 40)R5 1 + (4n® +
30n + 111)Rpy3Rugo + (4n* 4 38n 4 145) Ry 3 Rot1 — (4n® + 380 + 137) Rut2 Ryt1 + 55).
(c): Y okRis2Rr = 2(2(n® +8n+29)R; 5 +2(n® 4+ 6n+22)R% 5 +2(n” +10n + 38) k5 — (4n® +26n +
103)Ryi3Rnia — (4n% + 381 + 137)Rpy3Rns1 + (4n® + 34n + 125) Ry 2R g1 — 47).

Taking R, = Cp with Cy = 3,C1 = 0,C2 = 2 in Theorem 3.1, we have the following corollary which presents

sum formulas of Pell-Perrin numbers.

COROLLARY 3.3. For n > 0, Pell-Perrin numbers have the following properties:
(a): Sp_kCE = 1((2n° + 18n + 69)C72 3 + (2n° + 14n + 53)C2 5 + (2n° + 18n + 85)Ch 4 — 4(n® + 8n +
31)Crt3Cni2 — 4(n% + 101 + 40)Cri3Cn11 + 4(n? + 101 + 38)Cri2Cni1 — 89).
(b): > o kCri1Ck = 3(—2(n® +8n+31)C2 3 —2(n* +6n+24)Ciyy —2(n® +10n+40)C2,; + (4n® +30n +
111)Cry3Cnia + (4n + 38n 4 145)Cri3Cni1 — (4n? + 38n + 137)Cry2Chryr + 84).
(€): Yr_okCri2Cr = 1(2(n® +8n+29)Cr 5 +2(n” + 6n+22)Cr 5 +2(n® + 100+ 38)Cr 4y — (4n® +26n +
103)Crt3Cni2 — (40 + 38n 4 137)Crr3Cni1 + (4n? + 34n + 125)Cri2Crir — 80).

Ifx=1,r=1,s =1,t = 2 then we have the following theorem (in fact taking r = 1,s = 1,¢ = 2 in Theorem 2.1

and then using L’Hospital rule twice for = 1 we obtain the following theorem).

THEOREM 3.4. Ifr =1,s =1,t = 2 then for n > 0 we have the following formulas:
(a): Sop_o kWE = 1555 ((63n° +198n—4076)W,? 5 +9(21n” +31n— 1381) W, 5 + (252n° —27Tn— 16583) W, —
9(21n2 4450 — 1366) W13 W2 — 2(63n% + 13510 — 4070) Wi, 13 Wiy 1 +12(21n + 19) Wy 2 Wiy 1 +4211W3 +
12519WF + 16304W3 — 12510W;1 Wa — 8284Wa W 4 24W1 W).
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(b): > p_ o kWit Wi = 555 (—(63n® + 9n — 4142)W; 5 — 3(63n® + 51n — 4174)W;7 5 — 4(63n° + 135n —
4070)W2 1 43(63n% +93n—4192) W, 13 Wi 42 +2(63n +387n—3968) W3 Wit 1 —6(18904+73) Wiy o W1 —
4088W3 — 12486 W1 — 16568W§ 4 12666Wo W1 4 8584WoWe — 696WoW1).

(€): Sp_o kWiroWi = 54=(—(63n — 117n — 4130)W,2 5 — 9(21n® + 73n — 1336)W,» — 4(63n> + 9n —
4184)W2 1 +27(Tn? +29n — 452) W, 13 Wi2 +2(63n2 — 1800 — 4187) Wiy 3 W1 — 12(210+40) Wiy s Wi 1 —
3950W3 — 12492WF — 16520W¢ + 12 798Wa Wy + 7888WaWo + 228W1Wo).

From Theorem 3.4, we have the following corollary which gives sum formulas of third order Jacobsthal numbers

(take W, = J,, with Jo =0,J1 =1,J2 =1).

COROLLARY 3.5. For n > 0, third order Jacobsthal numbers have the following properties:
(a): Sop_okJi = 1355 ((63n® +198n — 4076)J; 5 + 9(21n* + 31n — 1381)J; 5 + (252n> — 27n — 16583).J7 1 —
9(21n? + 45n — 1366)J, 13 2 — 2(63n% 4+ 1350 — 4070) Tyt 3T 41 + 12(210 4 19) T2 Jn1 + 4220).
(b): >r_o kJrr1Jk = a5 (—(63n° +9n—4142)J2 3 —3(63n° +51n—4174) J; 1o —4(63n° +135n—4070
3(63n2 4 93n — 4192)J, 1 3Jn12 + 2(63n2 4 3870 — 3968)J, s 3Jns1 — 6(189n + 73) Jnt2 i1 — 3908
(c): Yor_okJuraJk = ga05 (—(63n° —117Tn—4130)J7 15 —9(21n” + 730 —1336) J; 1o —4(63n” +9n—4184) J7 +
27(7n* + 29n — 452)Jp 43 Jnt2 4+ 2(63n% — 1800 — 4187) Jy3Jnr1 — 12(21n 4 40) Joq2Jpn i1 — 3644).

J2+
2

)
)
)
)

Taking W,, = j, with jo = 2,751 = 1,j2 = 5 in Theorem 3.4, we have the following corollary which presents sum

formulas of third order Jacobsthal-Lucas numbers.

COROLLARY 3.6. For n > 0, third order Jacobsthal-Lucas numbers have the following properties:
(@): Y o kir = 1355 ((63n* +198n — 4076) 7 5 + 9(21n* 4 31n — 1381)j7 5 + (252n> — 27n — 16583)j7 11 —
9(21n2 4 45n — 1366)jn+3jn+2 — 2(63n% + 1351 — 4070)jn+35n+1 + 12(210 + 19)jnr2jn+1 + 37668).
(b): >h o kjrt1ik = 5oqg (—(63n° +9n—4142)52 5 — 3(63n +51n—4174) 7 | » — 4(63n> + 1350 — 4070) 7 1 +
3(63n2 4 93n — 4192)jn+3jn+2 + 2(63n% + 387n — 3968)jn+3in+1 — 6(189n + 73)jn+2jn+1 — 33180).
(€): Yop o kjr+2jk = gaqg (—(63n° — 1170 —4130) 7 15 — 9(21n” + 73n — 1336) 57 1> — 4(63n* + 9n — 4184) 7 1 +
27(7n? + 29n — 452)jnt3jn+2 + 2(63n° — 1800 — 4187)jn13dn+1 — 12(210 + 40)jnt2jn+1 — 33996).

3.2. The Case z = —1. We now consider the case £ = —1 in Theorem 2.1.

Taking x = —1,7r = s =t =1 in Theorem 2.1, we obtain the following Proposition.

ProOPOSITION 3.7. If x = —1,r =s =1t =1 then for n > 0 we have the following formulas:
(@): oo k(=D*WE = 1(-D)" (n+ 1) Wis — 2n+ D)We o + Bn+2) Wiy —2(n+2) Waia Wags +
QWoaaWni1) + WE — W& — 2WaWo 4+ 2W1 Wo).
(B): Yho k(=1 Wieta Wi = 3((=1)" (n + 1) W3+ Wi o —(n + 2) Wi 11— (21 + 2) WaisWiga+ 20 Wi o Wor )+
WE — W§ — 2W1Wo).
(€): S p o k(—1)f WipaWi = 2((=1)"(nW 15— (2n + 1) W2 o—(n + 1) W11 +2Wo s Wiga+2n Wy sWa g1 —
4(n+1) WipsaWair) — W3 + WE + 2WaWy — 2WaWo).

From Proposition 3.7, we have the following Corollary which gives sum formulas of Tribonacci numbers (take

W, =T, with To = 0,7y = 1, Ty = 1).
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COROLLARY 3.8. For n > 0, Tribonacci numbers have the following properties:

() Yo h(—1)FT7 = H((=1)" ((n + 1) T2y 3—(2n + 1) T2 5+ (30 + 2) T2 =2 (1 + 2) Toa Tus+ 2T g2 L)+

1).

(b): S o k(=)' Ths1Th =

1).

(©): Yhook(=1)"ThsaTi =
4(n+1)Thi2Thi1) +2).

Taking T,, = K,, with Ko = 3, K1 = 1, K2 = 3 in Proposition 3.7, we have the following Corollary which presents

T2 (2n + 2) Tht+sTht2+2nTnioTns1)+

(=)™ (n+ 1) T3 a+Tr o= (n+2) Trypr—

N

T‘2 + 2Tn+3Tn+2 + 2nTn+3Tn+1 -

()" (nTiis — @n+ 1) T7 1 — (n+1) T3y

sum formulas of Tribonacci-Lucas numbers.

COROLLARY 3.9. For n > 0, Tribonacci-Lucas numbers have the following properties:

2n+1) K20 + Bn+2)Kayy —2(n+2) Kpy1 Kngs +

(@): i k(-1 KE = ()" ((n+1) Kiys —
2K 42Kni1) — 20).

(b): Y k(1) K1 K = 2((-1)" (n+ 1) K213+ K2 o~ (n+2) K21 —(2n + 2) Kny3Knpa+2nKn o Knp1)—
14).

(©): Yoo k(=) " Kpi2 Ky =
4(n+ 1) Kny2Kni1) — 20).

(=D)" (nK2 15— 2n+1)K2, 5 — (n+ 1) K211 +2Kn+3Knt2 +2nKnp3 Kol —

=

Taking z = —1,r = 2,s = 1,t = 1 in Theorem 2.1, we obtain the following Proposition.

PropPOSITION 3.10. Ifr =2,s =1,t =1 then for n > 0 we have the following formulas:
(a): Sp_o k(=1)"W = Z((—=1)" ((5n+2) W7 53— (45n+53) W2 o +(T0n+68) W2 1 +2(5n+12) Wit s W2 —2 »
(151 4+ 31) Wiy 3Wit1 + 2(10n 4 39 W,y o Wii1) — 3W3 — WP — 2W§E + 14Wa Wi — 32WoWa + 58W1Wo).

(b): S0 o k(1) Wit Wi = £ ((—=1)" ((15n + 16) W7, 3+3 (5n + 17) Wi o —(15n + 31) W21 — (451 + 58) Wiy 3 Wit —
(151 + 21) Wiy 3 Whp1 + (601 + 49) Wi 1o Wii1) + W3 4 36WE — 16W§E — 13W1Wa — 6WaWo — 11W1Wo).

(©): Dohmo F(=1)"Wipa Wi = 2 ((=1)" (20n43)W3 53— (—=1)" (30n+17) W2 15— (—1)" (20n+23) W1, —(—1)

(35m — 1) Wy 3Wog2 4+ (—=1)" (30n+ T)WipasWii1 — (=1)" (700 +83) Wy o Wiy1 — 17TWE + 13WE — 3WE +

46W 1 Wo — 23WoWy — 13W1 Wo).

From Proposition 3.10, we have the following Corollary which gives sum formulas of Third-order Pell numbers

(take W, =P, with Phb=0,PL =1,FP, = 1).

COROLLARY 3.11. For n > 0, third-order Pell numbers have the following properties:

(a): S o k(—1)"P2 = L((—1)" ((5n+2) P2 3 — (45n+53) P35 + (T0n+68) P2y 1 +2(5n + 12) Prys Pryo — 2

(15TL =+ 31)Pn+3pn+1 =+ 2(10n + 39)Pn+2Pn+1) + 8).
(b): Y0 o k(1) Pey1Pe = 2 ((—1)" ((15n+16) P7 3+3(5n+17) P2 o —(15n+31) P2 1 —(45n+58) Poy 3 Prja—

(15TL =+ 21)Pn+3pn+1 =+ (GOTL + 49)Pn+2Pn+1) =+ 14).
(€): Tp_g (1) PrsaPe = & (—1)" (2004 3)P2g — (—1)" (30n 4+ 17) P s — (—1)" (2004 28) P24, — (—1)"
(35TL — ll)Pn+3Pn+2 + (—l)n (3017, + 7)Pn+3Pn+1 — (_1)77. (70n + 83)Pn+zpn+1 + 37).

Taking W,, = @, with Qo = 3,Q1 = 2,Q2 = 6 in Proposition 3.10, we have the following Corollary which

presents sum formulas of third-order Pell-Lucas numbers.
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COROLLARY 3.12. For n > 0, third-order Pell-Lucas numbers have the following properties:
(@): Y ok(=1)*Q7 = Z((-1)" ((5n+2)Q7 43— (45n+53)Q7 12+ (T0n+68) Q7 1 +2(5n+12)Qn43Qn 2 —2
(1571 + 31)Qn+3Qn+1 =+ 2(1071 + 39)Qn+2Qn+1) — 218)
(b): > o k(=1 Qr41Qk = = ((—1)" ((15n+16)Q7 3+3(5n+17) Q7 12— (15n+31)Q; 1 — (45n+58) Qni3Qnia—
(157 4 21)Qn+3Qn+1 + (60n + 49)Qn12Qnt1) — 294).
(©): Sp o k(—1)*Qr42Qr = Z((=1)" (20n+3)Q7 13— (—1)" (30n+17)Q7 42— (—1)" (20n+23)Q7 41 — (—1)"
(351 — 11)Qn+3Qn+2 + (=1)" (300 + 7)Qn+3Qn+1 — (=1)" (7T0n + 83)Qn42Qn+1 — 527).

From Proposition 3.10, we have the following Corollary which gives sum formulas of third-order modified Pell

numbers (take W, = E,, with Eo =0,E1 =1,E; =1).

COROLLARY 3.13. For n > 0, third-order modified Pell numbers have the following properties:
(a): Sp_ok(—1)FE} = L((—1)" ((5n+2)E2 3 — (45n+53)Ep o+ (TOn+68) B 1 +2(5n+12) B3 Epia — 2
(15n + 31)Eyy3Eny1 + 2(10n 4+ 39) B2 Eng1) + 3).
(b): S} o k(=1)*Ery1Ex = £ ((—1)" (15n+16) E2 1 3+3(5n+17) Ep o —(15n+31) E2 1 — (45n+58) By 3 Er g2 —
(151 4 21) Ent3Ent1 + (600 + 49)Epy2Fny1) + 24).
(€): Yioo k(=1 ErsaBi = 25((=1)" (20n+3)E7 15— (=1)" (30n+17) B} 5 — (—1)" (20n+23) E7 1 — (=1)"
(351 — 11) Ent3Ent2 + (—=1)" (300 + 7) Ent3Eni1 — (—=1)" (700 + 83) En 2 Eny1 + 42).

Taking x = —1,7r =0,s = 1,t = 1 in Theorem 2.1, we obtain the following Proposition.

ProprosiTION 3.14. Ifr =0,s = 1,t =1 then for n > 0 we have the following formulas:
(a): Sp_ok(=1)FWE = £ ((-1)" (15n+14) W2 3 — (15n— 1) W2 o+ (10n—4) W, 1 +2(5n+8) W3 W2 —2
(100 + 1) Wya2 Wit — 2(5n + 13)Wog3Wha1) — W3 + 16W7F — 14WE + 6W1 Wa — 16Wa Wy — 2W1 W).
(B): i k(=1 Wi Wi = g ((=1)" (5n+8) W2 5 — (5n+3)W,i o — (5n+13)Wi 1 — (5n—2) W3 Waso +
(10n — N Wy o Wii1 + (5n 4 3)WagsWag1) + 3W35 + 2WE — 8WE + TWoW1 — 2Wa Wy — 19W1 W).
(€): S o k(=1 WigaWi = = ((—1)" ((10n+1)W.2 13— (10n—9) W, 5 —(10n+11) W7 1 +(15n-+19) Wi s Wi o+
(107 — Wiy sWig1 — (300 4 23) Wy o Wit1) — OWE + 19WE — W& 4+ AWa Wy — 19Wa Wy + TW1Wh).

From Proposition 3.14, we have the following Corollary which gives sum formulas of Padovan numbers (take

Wn :Pn with PO = 1,P1 = 17P2 = 1)

COROLLARY 3.15. For n > 0, Padovan numbers have the following properties:
(a): Sp_ok(=1)"P} = £((=1)" (150 +14) P25 — (16n — 1) P75 + (10n — 4) P21 + 2(5n + 8) Py 3 Prya — 2
(10n 4+ 11) Ppg2 Pag1 — 2(5n + 13) Poy3 Pry1) — 11).
(b): 3o k(=1)" Pes1Pr = 55 ((=1)" ((5n + 8) Py — (5 + 3)Piis — (51 + 13) Py — (51 — 2) Paas Posa +
(10n — 9) Py 2Pny1 + (50 + 3)PuysPoy1) — 17).
(€): S o k(—=1)*PryaPe = 5= ((—1)" ((10n+1)P7 53— (10n—9) P25 — (10n+11) P71+ (15n+19) Poys Pryo+
(10n — 9) Poy3Pay1 — (300 + 23) Pogo Poy1) + 1).

Taking W,, = E, with Ey = 3,FE1 = 0,E2 = 2 in Proposition 3.14, we have the following Corollary which

presents sum formulas of Perrin numbers.
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COROLLARY 3.16. For n > 0, Perrin numbers have the following properties:
(@): Y h o k(—1)"ER = ((-1)" ((15n+14)E; 5 — (15n—1)Ep o+ (10n —4)E2 11 +2(5n+8) Eng3Enya — 2
(10n 4 11) Ent2Ent1 — 2(5n + 13)Eny3Eny1) — 226).
(b): Y o k(—1) Exp1Ex = 5= ((—1)" (5n+8)E} 13— (5n+3)En o — (5n+13)En, — (5n—2)EngsEnya +
(10n — 9)Eny2Eni1 + (51 + 3)Ent3Eni1) — 72).
(©): Xp_ok(—1)*Eri2Eyx = = ((—1)" (10n+1)E2 53— (10n—9) B2 {5 — (10n+11) B2 1 +(15n+19) En 43 Enqa+
(10n — 9)Eny3Fnt1 — (30n + 23) EpngoEnir) — 159).

From Proposition 3.14, we have the following Corollary which gives sum formulas of Padovan-Perrin numbers

(take W, = S, with Sp = 0,51 =0, So = 1).

COROLLARY 3.17. For n > 0, Padovan-Perrin numbers have the following properties:
(@): Yo k(=1)"Sp = = ((=1)" ((15n +14)S7 15 — (15n — 1)Sh o + (10n — 4)S2 1 +2(5n + 8)Sny3Sn42 — 2
(10n +11)S, 12811 — 2(5n + 13)Sn13Sm+1) — 1).
() 7 k(=1 S8k = & ((—1)" (51 + 8) 52,5 — (5n 4 3)S2 15 — (5n + 13)52,; — (51 — 2)Snt3Snr2 +
(10n — 9)Sn+2Sn+1 + (51 + 3)Sn43Sn+1) + 3).
(€): Sp_ok(—1)*Ski2Sk = %= ((—1)" ((10n+1)S3 53— (10n—9)S7 12— (10n+11) S5 1 +(15n+19) SppsSn 42+
(10n — 9)S5+3Sn+1 — (301 4+ 23)Sy125041) — 9).

Observe that setting = —1, r = 0,s = 2,¢t = 1 (i.e. for the generalized Pell-Padovan case) in Theorem 2.1 (a),
(b) and (c) makes the right hand side of the sum formulas to be an indeterminate form. Application of L’Hospital
rule (using twice) however provides the evaluation of the sum formulas. If z = —1, r = 0,s = 2,¢ = 1 then we have
the following theorem (in fact taking x = —1, r = 0,s = 2,¢ = 1 in Theorem 2.1 and then using L'Hospital rule twice

for x = —1 we obtain the following theorem).

THEOREM 3.18. Ifr =0,s =2,t =1 then for n > 0 we have the following formulas:

(a): Sp_ok(=1)"WZ = & ((—=1)" ((20n® — 30n — 1569)W,> 5 — (20n* — 70n — 1519)W2, 5 — (20n° — 90n —
1679)W2 1 +4(5n% — 401) W3 Wiy — 4(5n + 100 — 396) Wiy 3 Wi g1 — 4(15n — 100 — 1198) W2 Wii1) —
1519W3F + 1429W ¢ + 1569W¢ — 1584Wo W + 1604WaWo 4 4692W71 Wo).

(b): X7 o k(=) Wi Wi = 25((—1)" (2(5n* — 401)W,2 53 — 2(5n° — 10n — 396)W,2,» — 2(5n° + 10n —
396)W2 1 +(10n% —10n—827) W43 W2 — (1002 +10n—827) W 3 Wit 1 — (3002 —50n—246 1) W, 1o Wi t1) —
T92W3 + T62WF + 802W§ — 80TWa Wy + 827TWaWo + 2381W1 Wo).

(€): Sp_o k(=1 WipaWi = 22 ((—=1)" (2(15n° — 40n — 1173)W,2 5 — 2(15n> — 7T0n — 1118) W72, 5 — 2(15n° —

10n — 1198)W2, 1 + (30n? — 10n — 2381) Wit 3Whi2 — (30n% — 50n — 2461) Wy 3 Wit — (9002 —90n — 7103)
W2 Wha1) — 2236W3 + 2066WE + 2346 W5 — 2341 Wo Wi + 2381Wa Wy + 6923W1 Wo).

From Theorem 3.18, we have the following corollary which gives sum formulas of Pell-Padovan numbers (take

Wn = Rn Wlth Qo = 1,R1 = I,RQ = 1)

COROLLARY 3.19. For n > 0, Pell-Padovan numbers have the following properties:
(a): Sp_ok(=1)* R} = A((=1)" ((20n® — 30n — 1569)R% 5 — (20n* — 70n — 1519)R} » — (20n® — 90n —
1679)R2 1 +4(5n*—401) Ry 3 Rny2 —4(5n*+10n—396) Ryt Rt 1 —4(15n2 —10n—1198) Ry 2 R 1) +6191).
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(b): > o k(—1)*Ris1 R = 155 ((—1)" (2(5n* —401) R 3 —2(5n° —10n—396) 7 o —2(5n° +10n—396) R3 1+
(10n* — 10n — 827)Rut3Rny2 — (10n? + 10n — 827) Ryt Ryt — (300 — 50n — 2461) R, 2 Rnt1) + 3173).
(€): S o k(—1)*Ris2Re = 755 ((—1)" (2(15n° — 40n — 1173) R}, 3 — 2(15n* — 70n — 1118)R2 ., — 2(15n° —

10n — 1198)R2 1 + (30n? — 10n — 2381) Ryt3 Rnt2 — (30n% — 50n — 2461)Ryt3 Ryt1 — (90n? — 90n — 7103)
Rn+2Rn+1) + 9139).

Taking W,, = C,, with Cy = 3,1 = 0,C2 = 2 in Theorem 3.18, we have the following corollary which presents
sum formulas of Pell-Perrin numbers.

COROLLARY 3.20. For n > 0, Pell-Perrin numbers have the following properties:
(a): Sp_ok(=1)FC} = 5 ((=1)" ((20n® — 30n — 1569)C>

2.3 — (20n% — 70n — 1519)C2,, — (20n* — 90n —
1679)C2 1 +4(5n> —401)Cpy3Cni2—4(5n24+10n—396)Cn+3Cy1+1—4(15n2 —10n—1198)Cpr 1 2Chi1) +17669).

(b): 37 o k(=1)*Crs1Ck = 155 ((—=1)" (2(5n° —401)C 1 5 —2(5n> —10n—396)Cr , » —2(5n° +10n—396)C 1 +
(10n? — 10n — 827)Cr13Cnia — (1002 4 10n — 827)Cry3Cni1 — (30n% — 50n — 2461)Cr12Cni1) + 9012).
(€): S o k(1) Cry2Cr = 155((—1)" (2(15n> — 40n — 1173)Cr 5 — 2(15n° — 70n — 1118)C3» — 2(15n° —

10n — 1198)C2 .1 + (30n? — 10n — 2381)Cr13Cs+2 — (30n% — 50n — 2461)Clt3Cn+1 — (900 — 90n — 7103)
On+207L+1) + 26456).

Taking x = —1,7=0,s = 1,£ = 2 in Theorem 2.1, we obtain the following proposition.

ProrosiTION 3.21. Ifr =0,s = 1,t = 2 then for n > 0 we have the following formulas:

(@): Y h o k(=)W = Z((-1)" ((12n+5) W 53— (12n—T)Wy o+ (16n—4) W1 +2(4n+1)Wr 3 W2 —4
(4n + 5) Wi sWit1 — 4(4n — D)W aWag1) — TW3 + 19WE — 20W5 — 6WoW1 — 4WeWo + 20W1Wo).
(b): Sp k(=1 Wit aWi = L((—=1)" ((4n+ 1) W5 —(4n—3)Wp o —4(4n+5) W, 11 — (8n—2) Wi y3Wnia+

2(8n + 6) W3 Wit1 + (16n — 12) Wy o Wig1) — 3W3 + TWE — 4AWE + 10Wo W1 — 4We Wy — 28W1Wo).

(©): Sp o k(=) WipaWi = L((—1)" ((4n — 5) Wy 15— (4n—9) Wy o —4(dn—1) W, 1 +(24n+14) Wy s Wi 2+

(161 — 12)Wy i3 Wi1 — 2(24n + 2) Wy o Wip1) — OWE + 13WE 4+ 20W5 — 10Wo W1 — 28Wo W + 44W1 W).

From Proposition 3.21, we have the following Corollary which gives sum formulas of Jacobsthal-Padovan numbers
(take Wy, = Qn with Qo =1,Q1 =1,Q2=1).

COROLLARY 3.22. Forn > 0, Jacobsthal-Padovan numbers have the following properties:
(@): Y r o k(—1)"Q7 = L ((-1)" (120 +5) Q245 — (12n —7)Q% 1o+ (160 — 4)Q2 11 +2(4n+ 1)Qn43Qnr2 — 4
(4n +5)Qn+3Qnt1 — 4(4n — 1)Qn12Qn41) + 2).
(B): Yho F(=1)" Q41 Qi =

a (D)™ ((@n+1) Q245 —(4n—3)Q7 42— 4(4n+5)Q7 11— (8n—2)Qn13Qn12+2
(8n 4+ 6)Qn+3Qn+1 + (16n — 12)Qni2Qn+1) — 22).

(€): S o k(—1)*Qrt2Qk = &4 ((—1)" (4n — 5) Q7 13— (4n—9)Q5 12 —4(4n—1)Q7 11+ (24n+14)Qn13Qn 2+
(16n — 12)Qn+3Qn+1 — 2(24n + 2)Qn+2Qn+1) + 30).

Taking W,, = L,, with Lo = 3, L1 = 0, L2 = 2 in Proposition 3.21, we have the following Corollary which presents
sum formulas of Jacobsthal-Perrin numbers.

COROLLARY 3.23. Forn > 0, Jacobsthal-Perrin numbers have the following properties:
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(a): Sp_ok(—1)FLE = & ((-1)" ((12n+5) L35 — (12n —T)L2 o + (16n —4)L2 1 +2(4n+ 1) LpysLpio — 4
(4n + 5)Ln+3Ln+1 — 4(471, — 1)Ln+2Ln+1) — 232)
(b): S o k(—1)*Lig1Lie = & ((-1)" ((4n+1) L2 5 — (4n—3)L3 o —4(4n+5)L2 1 — (8n—2)LntsLni2+2

(Sn + 6)Ln+3Ln+1 =+ (167L — 12)Ln+2Ln+1) — 72)
(€): S ok(=1)*LigoLlr = Z((-1)" (4n—5) L35 — (4n—9)L2 o —4(4n—1)L3 1 + (24n+14) LpysLnta+

(16n — 12)Ln+3Ln+1 — 2(24n + 2)Ln+2Ln+1) — 24)

Taking x = —1,7 = 1,8 = 0,£ = 1 in Theorem 2.1, we obtain the following Proposition.

PROPOSITION 3.24. Ifr =1,5s =0,t =1 then for n > 0 we have the following formulas:
(=)™ ((Bn+T)W2i3 — (6n+5) W2 o+ (6n — D)W2, 1 — 6W,i3Wiie — 2(3n 4+ 17)

(a): Yhoo k(=)W =3
WotaWat1 + 2030 4+ 10) Wy paWii1) + 4W3 + WP — TWE — 6Wa W1 — 8Wa Wy + 14W1 W).

(b): 37 o k(=1 Wi Wi = 3((=1)" (Bn+4) W25+ (Bn+10) W, o — (Bn+ )W, — (In+15) Wy s W yo+
(3n + 10)Wipys Wiyt + (6n — HWoaaWorr) + Wi + TWE — AWE — 6Wa Wy 4+ TWaWo — 10W1 Wo).
(€): S o k(=1 WigaWi = $((—=1)" (=3W; 3 — 3W, o + 3W,2 1 + IWoysWhpo + (90 + 6)Wigs Wi

(9 + 15) Wy g2 Wig1) — 3W5 — 3WE + 3WE 4+ IWo Wi — 3WaWo — 6W1 o).

From Proposition 3.24, we have the following corollary which gives sum formulas of Narayana numbers (take

W, = N,, with No = 0, Ny = 1, Na = 1).

COROLLARY 3.25. Forn > 0, Narayana numbers have the following properties:
L(=D)™((83n + T)N213 — (6n + 5)N2 o + (6n — 1)N24 1 — 6Npy3Nato — 2(3n 4+ 7)

(a): Yo k(=1)"NZ =3

Nn+3N7L+1 + 2(3’[1 + 10)Nn+2Nn+1) - 1)
(b): Y7o k(—1)* N1 N = 5((=1)" ((3n+4)N2 5+ (3n+ 10)NZ 15 — (Bn+ T)NZ4y — (904 15) Ny N o +
—4)Nn4+2Nn41) +2).

(3n + 10)Nyt3Npy1 + (61
L((=1)" (=3N713—3N; 243N 11 +9INn 3 Npt2+(9n + 6) NpgsNpj1—(9n+15)

()t Yh_ok(=1)"Niy2 Ny, =

Npt2Npy1) + 3).
Taking W,, = U,, with Up = 3,U; = 1,Us = 1 in Proposition 3.24, we have the following corollary which presents

sum formulas of Narayana-Lucas numbers.

COROLLARY 3.26. For n > 0, Narayana-Lucas numbers have the following properties:
(6n+5) Uz g 4 (6n — 1) U2y — 6Upny3Uns2 — 2(3n +7)

(a): Yo k(-D*UR = (=)™ (Bn + T)Ui1s —

9
Un+3Un+1 + 2(3n + 10)Up42Un+1) — 46).
(b): S p_ k(=1 Uks1Uk = 2((-1)" (Bn+ 4) U213+ Bn+10) U 1o — (3n + 7) Ul 11 — (In+15)UnqsUnia +

(831 4+ 10)Un+3Un+1 + (6n — 4)Un42Un+1) — 43).
(©): Ypeo K(=1)*Ur12Ux = 5((—1)" (=3U7 13— 3Up 12+ 3Up 11 +Wn13Uns2+ (9n+6) Uy 3Un i1 — (90 +15)

Un+2Un+1) + 3)
From Proposition 3.24, we have the following corollary which gives sum formulas of Narayana-Perrin numbers

(take Wn = Hn with Ho = 3,H1 = O, H2 = 2)

COROLLARY 3.27. For n > 0, Narayana-Perrin numbers have the following properties:
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(a): Sp_ok(—1)FHE = L(-1)"(Bn+T)H} s — (6n+5)Hy o+ (6n— 1)H y — 6Hpy3Hnyz — 2(3n +7)
Hpy3Hpg1 +2(3n 4+ 10)Hps2 Hpy1) — 95).

(b): S o k(=1 Hppr Hy = 3((=1)" ((3n+4) H2 3+ (3n + 10) H2 15— (3n+T7)H} 1 — (In+15)Hy g3 Hnpo+
(30 +10)Hp+3Hpg1 + (6n — 4)Hy 2 Hy1) + 10).

(€): S o k(=1 HypoHy = S((-1)" (—3H213—3H7  5+3H 1 +9H 3 Hppo+(9n+6) Hp s Hpg1 — (9n+15)
Hpi2Hpg1) — 3).

Taking x = —1,7 =1,s = 1,£ = 2 in Theorem 2.1, we obtain the following proposition.

ProprosITION 3.28. Ifr=1,s =1,t =2 then for n > 0 we have the following formulas:

(a): Sp_ o k(=1)FW? = £5((—1)" ((20n+19) W72 53— (30n—19) W2, o +(T0n—6) W2 1 — (10n+37) Wy i3 Wi 2 —
2(30n + 31) W,y s Wit +4(10n + 22) Wi o Wht1) — W3 +49WE — T6WE — 2TWe Wy — 2Wa W + 48W, Wh).

(b): S o k(=) Wi Wi = g5 ((=1)" ((30n + 1)W2,5 + (30n + 51)W,2 5 — 4(30n + 31)W2, 1 — (90n +
23) Wyt 3 Wit + 2(30n 4 51) Wy sWit1 + (600 — 148)WyioWit1) — 29W3 + 21WE — 4WE 4+ 6TWo W, +
42WaWo — 208W1 Wh).

(€): S p o k(=1 WipaWi = 5= ((=1)" ((30n — 69) Wy, 5 — (270n + 219) W2, » — 4(30n — 39) W7, 1 + (210n +
38TV W3 Whia + (3600 — 138) W 3Wit1 — 2(420n + 144) W, 1o Wit1) — 99W3 + 51WE + 276 WG + 177
WaWy — 498WaWo + 552W1 Wo).

From Proposition 3.28, we have the following corollary which gives sum formulas of third order Jacobsthal

numbers (take W,, = J, with Jo =0,J1 =1,J> =1).

COROLLARY 3.29. Forn > 0, third order Jacobsthal numbers have the following properties:

(@): Yp_ok(=1)FJ2 = 5 ((—1)" ((20n + 19) J2 5 —(30n — 19) J2 1o+ (T0n—6)J2 11 — (10n+37) Jnt3 T2 —2
(30n + 31)Jn+3Jn+1 + 4(107’L + 22)Jn+2Jn+1) + 21).

(b): S p_ o k(1) Jeg1dk = 555((—1)" ((30n + 1) J7 1 3+(30n + 51) J2 15 —4(30n-+31)J2 1 —(90n+23) Jr 43 Jn42+

2(30n + 51)JnizJnt1 + (600 — 148)Jp 2 Jny1) + 59).
(©): Sp o k(=1 Jesadi = 52 ((=1)" ((30n — 69)J2 53 — (270n + 219)J2 5 — 4(30n — 39)J2,1 + (210n +
387)Jn+3Jn+2 + (360n — 138)Jn+3Jn+1 — 2(420n =+ 144)Jn+2Jn+1) + 129).

Taking W,, = j, with jo = 2,751 = 1,52 = 5 in Proposition 3.28, we have the following corollary which presents

sum formulas of third order Jacobsthal-Lucas numbers.

COROLLARY 3.30. For n > 0, third order Jacobsthal-Lucas numbers have the following properties:
(a): Zroo k(=1)"5k = 155 ((=1)" ((20n + 19) j2 15 — (300 — 19) ji 15 + (700 — 6)j7 11 — (100 +37) jn+35jn+2 — 2
(301 + 31)jn+3fn+1 + 4(10n + 22) jny2int1) — 339).
(b): i o k(=1)"jr+1ik = 5055 ((—1)" (300 + 1) i 1 5+(30n + 51) 5 15 —4(30n+31)7 11 —(90n+23) i+ 342+
2(30n + 51)jn43jn+1 + (60n — 148)jy+2jn+1) — 381).
(€): Xh_ok(=1)"jt2ir = 5o5((=1)" ((30n — 69) ji1s — (270n +219) ji 45 — 4(30n — 39)j741 + (2100 +
387)jn+3Jn+2 + (360n — 138)jrn13jn+1 — 2(420n + 144) jny2jnt1) — 4311).

Taking x = —1,r =2,s = 3,t = 5 in Theorem 2.1, we obtain the following Proposition.
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ProPOSITION 3.31. Ifr =2,s =3,t =05 then for n > 0 we have the following formulas:

(a): Sop_ o k(=1)"WE = sgos5s ((—1)" ((15675n + 11674) W2, 53— (9075n—81169) W2, o +(288750n—3100) W, —
2(17325n+30966) Wi, 43Wit2—10 (140251 + 6407) Wy 3 Wit 1410 (231007 + 20113) Wiy 2 Wi 1) —4001W 3+
90244W7 — 291850WF — 27282W2 W + T6180W2Wo — 29870W, Wo).

(b): Y p k(=1 Wit aWi = ez ((—1)" (140251 — 7618) W, 5 + 11(5775n + 697)W,7» — 25(14025n +
6407) W2, — (668251 — 22224) Wy 3 Wi 2 +5(107251n 4 18973) Wiy 3 Wit 1 — (8250 + 254035) Wy 2 Wit 1) —
21643W3 — 55858W7F + 190450W¢ + 89049Wa W1 + 41240WaWo — 245785W1 W).

(€): Sp_o k(1) WipaWi = =2 ((—=1)" (5500 —1361) W2, 3 —11(—1)"(2200n +981) W2 » —25(—1)" (550n —
811)W2,, — 5(—1)"(14300n — 1011) W2 Wii1 + 5(—1)"(2200n — 1429) Wy 3Wii1 + (—1)"(10725n +
9073) W3 Wit — 1911W3 + 13409W7 4 34 025WF — 1652Wo Wi — 18 145WoWo + 76 555W1 Wo).

From Proposition 3.31, we have the following corollary which gives sum formulas of 3-primes numbers (take

W, = G, with Go :07G1 = ].,Gz :2),

COROLLARY 3.32. Forn > 0, 3-primes numbers have the following properties:

(@): Yo k(—1)*Gh = saogz ((—1)" (156750 + 11674) G7  3—(9075n—81169) G 5 +(288750n—3100) G711 —
2(173251 + 30966) Gt 3Gni2 — 10(140251 + 6407)Grt3Grr1 + 10(23100n + 20113)Gr2Gri1) + 19676).

(b): S p_ok(—1) Grs1Gr = gomgs (—1)™ ((14025n — 7618) G315 + 11(5775n + 697)Ga s — 25(14025n +
6407)G?2 1 — (668251 — 22224) Gy 3G g2 + 5(10725n + 18973) Gt 3Gnt1 — (82500 + 254035) G 2Girt1) +
35668).

(€): S o k(—1)*Gri2Gr = k3= ((—1)" (550n — 1361) G253 —11 (—1)" (2200n+981)G3 1, —25(—1)" (550n —
811)G2% ., — 5(—1)" (143001 — 1011)Gri2Gni1 + 5(—1)" (22001 — 1429)Gy3Gri1 + (—1)" (107250 +

9073)G 3G t2 + 2461).

Taking W,, = H,, with Hy = 3, H1 = 2,H2 = 10 in Proposition 3.31, we have the following corollary which

presents sum formulas of Lucas 3-primes numbers.

COROLLARY 3.33. For n > 0, Lucas 3-primes numbers have the following properties:

(a): Sop_ok(—1)"H} = o= ((=1)" ((15675n + 11674) H72 53— (9075n—81169) H; | o+ (288750n—3100) H7 , 1 —
2(17325n + 30966) H., 13 Hy o — 10(14025n + 6407) Hyp i3 Hpp 1+ 10(23100m + 20113) Hyp 2 Hypy 1) — 1105234).

(b): Sp_ o k(—1)*Hip1Hy = ggos ((—1)" ((14025n — 7618) H7 5 + 11(5775n + 697)H7 » — 25(14025n +
6407)H?2 1 — (668251 — 22224) H,, 43 H g2 + 5(10725n + 18973) Hy 3 Hy1 — (8250 + 254035) Hy o Ho1) +
869788).

(€): Xp_ok(—1)* HppoHp = —2—((—1)" (550n — 1361) H;. ;3 —11 (—1)" (2200n+981)H;, ; , —25(—1)" (550n—

811)H2,, — 5(—1)" (143001 — 1011)Hy, 12 Hpy1 + 5 (—1)" (22000 — 1429)H, s Hoy1 + (—1)" (107250 +
9073) Hy,+3Hy 2 4 50701).

From Proposition 3.31, we have the following corollary which gives sum formulas of modified 3-primes numbers

(take W, =FE, with FEo = O,El = 1,E2 = 1)

COROLLARY 3.34. For n > 0, modified 3-primes numbers have the following properties:
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(@): Sop_ok(—1)FE} = soi=z ((=1)" ((15675n + 11674) E2 | 3—(9075n—81169) E | »+(288750n—3100) E2 | —
2(17325n + 30966) By 43 Eny2 — 10(140251 4 6407) Ep 3 Ent1 + 10(23100n + 20113) B0 Ept1) + 58961).

(b): 37 o k(=1)*Ery1 B = ggs ((—1)™ (140250 — 7618) E2 5+11(5775n+697) By 4 —25(14025n+6407) 7, 1 —
(668250 — 22224) Epy 43 Ent2 + 5(107251 4 18973) B3 Eni1 — (82500 + 254035) Ep 42 Ent1) + 11548).

(€): S o k(—1)*EryaEr = =i ((—1)" (550n — 1361) E2 53—11 (—1)" (2200n + 981) E} 5 —25(—1)" (550n—
811)E2,; — 5(—1)"(14300n — 1011)Epi2Eni1 4+ 5(—1)" (2200n — 1429)Epi3Fni1 + (=1)" (107250 +
9073) Eypt3 Ento + 9846).

3.3. The Case z = i. We now consider the complex case x = i in Theorem 2.1. The following proposition
presents some summing formulas of generalized Fibonacci numbers with positive subscripts.

Taking x = 4,7 = s =t =1 in Theorem 2.1, we obtain the following Proposition.

PROPOSITION 3.35. Ifr =s =1t =1 then for n > 0 we have the following formulas:

(@): Yp_ o ki*WZ = ZE" (G (L4 n+2+) Wis + (2in — 2+ 4)W2 o —i((1+ 3i)n + 2+ ) Wryy + 2
(1= +2—30) WoitaWage + (24 20 WhpaWip1 — 2((1 +i)n + 44 ) Wog o Wig1) — W3 — (2 +20)WE +
(1 = 20)W§ 4 (4 4 20)WoWi — 6iW1 Wy — (2 — 2i)WaWp).

(b): S p_ o k" Wi Wi = ZL(E" (1 — ) Wiz — 2(in + 1 + 20)W2io + (L + ) W2 + (2in + 4)WagsWiga +
i(2in 4+ 2 4+ 4)WopsWarr — (2 4+ 4i)n + 4 + 40) W aWop1) + (1 4+ )W + (2 — 200WE — (1 — i)W§ —
2Wo Wi — (2 + 20)WaWo + 2W1 Wo).

(€): Sp o ki"WigaWi = Z(" (i (L+ ) n+2— i) Wi+ (2n+2—-20)Waio — (L+i)n+3)Waiy — (24 2i)
WitsWisa —i((2 + 20)n + 2)WissWist — (2 — 20)WisaWig1) — (1 — 20) W3 + 2WF — (1 + 20) W5 + (2 —

2i)W2W1 — 2WoWo — (2 + 2i)W1Wo).
21

From Proposition 3.35, we have the following Corollary which gives sum formulas of Tribonacci numbers (take

W, =T, with To = 0,71 = 1, T, = 1).

COROLLARY 3.36. For n > 0, Tribonacci numbers have the following properties:
(@): Y p_ o k"I = F(" G (L+ i) n+2410) Tis + (2in — 24+ 40) T o — i((1+ 3i)n + 2+ ) Tayy + 2((1 —
On+2—3)Tnt3Tnt2 + (24 20)Thy3Tnt1 —2((1+i)n+ 4+ i) Tng2Tnyr) + 1).
(b): Yp_o ki*Th1 T = (1" (1—1) T 43— 2(in+1420) T o+ (1+4) Ty g + (2in+48) T s T2 +i(2in+24-44)
TotsTn+r —i((2+4in+ 4+ 49)Thy2Thnt1) + 1 —0).
(©): Yohoo ki TiyaTie = F (" (i (L+ ) n+2—0) Tays + (20 +2 = 20)Th 5 — (1 +i)n + 3)Tiyy — (2 + 20)
ToisTnyo —i((24 200+ 2)ToysTns1 — (2 — 20)Thi2Thi1) + 3).

Taking W,, = K,, with Ko = 3, K1 = 1, K2 = 3 in Proposition 3.35, we have the following Corollary which

presents sum formulas of Tribonacci-Lucas numbers.

COROLLARY 3.37. For n > 0, Tribonacci-Lucas numbers have the following properties:
() SR ki"K? = F(E"G (A +i)n+2+14) Kis + (2in — 2+ 4i)Ka o —i((1+ 3i)n + 2 + i) Kp g + 2
(b): P k" K1 K = F2(" (1 — 0)K7 s — 2(in+ 1 + 20) K740 + (1 4+ 1) K21 + (2in + 4i) Knys Kpngo +
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(€): Sp o ki"KipaKe = Z ("6 (L +i)n+2—1) Kiis+ (2n+2—20)K2 o — (L +i)n+3) K7y — (24 2i)
KntaKnio —i((2+2)n 4+ 2)Kni3Kpi1 — (2 — 20) K2 Kng1) — 16 — 304).

Corresponding sums of the other third order linear sequences can be calculated similarly when x = 1.
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