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Oz

Bu calisma, f e’ dx, Gauss integrali’nin diferansiyel denklem ile ¢6ziimii[18,19]; kismi integral yontemi kul-
lanilarak x diferansiyel altina almarak belirsiz integral ¢6ziimii[29,30,31] ve Gauss Integrali diferansiyel altina
alinarak belirsiz integral ¢6ziimii[33,38,39] hem harmonic seri hem de fonksiyon ¢6ziimii bulunmustur. Gauss
1ntegralinin belirsiz integral ¢6ziimii[38] Kuantum Fiziginde dalga fonksiyonununda yerine koyarak x konum ve k
uzayinda degiskeni cinsinden f(x, o) dalga fonksiyonu ¢6ziimii[44,45] ve bir boyutlu zamana bagli Schrédinger
denkleminde, dalga fonksiyonu denklemi[66,67] bulunur. Direkt uzayda dalga fonksiyonunu k uzaymda yaklagik
degeri kullanilmadan kismi integral yontemiyle diferansiyel altina alindiginda konuma gore k uzayinda genel
dalga denklemi[72] ve yaklasik olarak ise f(x,«) dalga fonksiyonu[78] bulunur. | e~ 9k eikxqk ve f(x,t,a) =
/ e~k glkx—iwkt 4 konuma ve zamana bagh k uzayinda dalga denklemlerinin ¢6ziimii[81,87] tam ¢Oziimii ve
Taylor Serisi ¢oztimii ile de konum ve zamana gore k uzayinda dalga denklemi[85,88] bulunur.
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Bagpinar et al.

Bu ¢6ziim ydnteminin gelistirilmesinde diferansiyel denklem, kismi integral, harmonik seriler ve Taylor serisi Ga-
uss Integralinin belirsiz integral ¢oziimiinii ve uzayda konuma ve zamana bagl dalga fonksiyonunun ¢éziimiinii
elde etmek icin kullanilmistir. Sonug olarak bu ¢6ziim yéntemi diger integrallerin belirsiz integral degerlerinin he-
saplanmasi i¢in bir yontem olacagi ve kuantumlu yapiya sahip integrallerin yaklasimsal olarak hesaplanabilecegi
ortaya konulmustur.

Anahtar kelimeler: Gauss integrali, Tirev, Kismi 1ntegra1, Belirsiz Integral, Dalga Fonksiyonu, Kuantum Fizigi,
Schrodinger

Abstract

This study, [ e~ dx, solution of Gaussian Integral with differential equation [18,19]; By using the partial integ-
ral method, the indefinite integral solution by taking x under the differential [29,30,31] and the indefinite integral
solution by taking the Gaussian integral under the differential [33,38,39] both harmonic series and function soluti-
ons are found. Indefinite integral solution of Gaussian Integral [38] In Quantum Physics, the wave function solution
f(x,a) in terms of ot variable in x position and k space by substituting it in wave function [44,45] and in one-dimen-
sional time dependent Schrodinger equation, wave function equation [66, 67] is found. When the wave function
in direct space is differentiated by by the partial integral method without using the approximate value of w(k)[50]
in space k, the general wave equation in k space by position [72] and approximately the wave function f(x,c) [78]
is found. [ e—ak?gikxq) and fx,t o) = ) e~ ak? gikx—iwkt qle min in space k depending on location and time the
exact solution of the wave equations [81,87] and the Taylor Series solution give the wave equation [85,88] in k space
according to position and time.

Keywords: Gaussian Integral, Derivative, Partial Integral, Indefinite Integral, Wave Function, Quantum Physics.
Schrodinger

1. INDEFINITE INTEGRAL SOLU- o _ g f 4 gf

TION OF GAUSS INTEGRAL 2)
g'(x) = e** — 2x2e™" dif e

INTRODUCTION i 3)
e = e (1 —2x))f, +xe ' f,' =

In this article, in the development of the soluti- = e **[(1 - 222)f,

on method, differential equation, partial integ- "

ral, harmonic series and Taylor series are used , ,

to obtain the indefinite integral solution of the 1=(1-2x%) fot Xfn (4)

Gaussian Integral and the solution of the wave
function dependent on position and time in spa-
ce. As a result, it has been revealed that this so-
lution method will be a method for calculating
the indefinite integral values of other integrals
and that integrals with quantized structure can
be calculated approximately.

1.1 Solution Of The Gauss Integral With A Dif-
ferential Equation

Let’s write the indefinite integral solution of the
Gaussian integral as the derivative of the produ-
ct; i i
Je ™ dx =xe™".f, = g(x).f,

g=g(x) =xe® 1)
Equation 3 is obtained by taking the derivative
in equation 1.

56

The derivative of equation (4) is taken again;

0 =-4x fo+(1-2x*)f;," + f,."+xf,"" (5) Equation (5) is
found.

X, +2(1 —x3)f, —4xf, =0
2

W (=2 = dx f, =0 ©)
x = 0 is the undefined point.
f" ). fi" + q(x) f,=0

2

. 7: - a2 —

iggxp(x) —izrgx.x(l x?) =2

limx?q(x) =limx%.(—4) =0
x—0 x—0
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x = 0'da regular singular point
fi= oot s)agxne?

fa(X) = Yoo apx™*s Ay 20

fn = Z(n +s)(n+s—1)a,x™ts2 (6)

Let’s substitute it into the equation in (5);

x.fi duetox’ +1
o omt+s)n+s—1)ax"st+2 Z:=O(n +
S)anxn+s—1 ) zn=0(n + S)anx"”“-‘lzn:O anxn+s+1

Y [+ s)@+s—1+2n +5)] axmst
22:;0[(71 +5) + 2] anxn+s+1 =0

Yo m+s)(n+s+1)ax"st -2 Z:zo[(n +5)+
2] @, x™stt = 0

n=0icin; s.(s+1) apx>1 + (s + 1) (s + 2)a,x*
n—-1=n"+1

Z:z_z(n +5+2)(N+5+3)ap, XM -23% (n+
s+2)ax™tstt =0

Yo [+s+2)n+s+3)ay, - 2n+s+

2) an]xn+s+1 (7)
Yo (s +2)M+5+3) Q- 2n+s+2) a,]

s.(st1) agxs~H(s+1).(s+2) ag x® 8)

a ).

(when parentheses common

s(st)ay =0 ay#0

(s+1).(s+2).a, =0

(nts+2)(nts+3) a,4,-2(ntst2) a, = 0 n>0
s(st1)ap=0 ay#0

s=0,-1

L) = x4 2(142) £ — 4
(0= 24 216 %~ 4x ©)

L) = (x5 +2(16%)(=) = = 4(-x)

L(-x) = [ 42(1-x2) L —4x]
dx? dx

L(-x) =- L(x)
a#0 s=-1
(nt1).(0+2). ap,,-2(0t)a, =0 n =0
_ 2(n+1)
In42™ iy nea) O nz0
2
Apir = m LAy n=0
(10)
n=20 a, = ay
2 1
n=2 a4—Za2 a4—§a0
2 1
n=4 s = ¢ 0a a6 = 53%
2 1
n==~6 ag—ga6 as—mao
(11)
(11) found as a result.
2
n=1 as = §a1
2 2.2 22
n=3 a5=§a3 a5=§a1=£a1
2 22 2 23
n=>5 a7=§a5 a7=£-;-al=3.5'7a1
2" .
Uns1 = 357w G IS found. (12)

o _ o _
fo(X) = ang Ao X"+ ano Ay X
(13)

When a,, and d2n+1 values in (11) and (12) are

written instead;

[} 1 © on
_ 2n-1 2n
9=3" i 2y
fu(x) anl 07 neq357.(2n+1) L

(14)
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®©  2n-1 ® n,2n
2
fu6) = aq E — ta E 2
n=0 ™ neo357..(2n+1)

(15)
> fil) =y T 16)
solution of the differential equation,
=) e
(17)

The general solution of the second part of the dif-
ferential equation is found.

[ e dx = xe ™. f,(x)

Let’s write the general solution (15) in the indefi-
nite integral solution of the Gaussian integral in
equation (1);

[e™dx = xe™*". [aoz
n=0 n!
Jny2n (18)
a1-zn=0 3.5-7..2n+1)

Consider the 2nd term with %1

—x2 _ —x2 * 2n
[e™ dx = xe .Zn 0(2n+1)' .(2x)

X2 g — . L -x? ° n! 2n+1
Je*dx = x—=e 'Zn=o(2”+1)’ -(2x) (19)

Indefinite integral solution of Gaussian integ-

ral; It is found as /() harmonic series product.
And its derivative also manifests itself according
to the rule in (3).

1.2 Indefinite Integral Solution By Taking x Un-
der The Differential Using The Partial Integral
Method

Solving the Gaussian integral by partial integral
method;

_ —ax?
I(x,a)=]e dx (20)
Using the partial integral method,

—[ZXZ

u=e V=X

du=-2axe"*dx dv=dx
I(x,a) = xe=®" + 2af x2e~**"dx
By applying the partlal integral again,

x3

2
-ax V=" du=-2axe ***dx dv=x2dx

u=e

58

whereas; gx? X3 x4 2
" 2a. e .?+2af e “XTdx]

1(x,@) = xe™ ™’ + x3e—ax’ +—fx4e'“" dx

4a? 2a _ 2 X
; [ —ax? | 22 fxée ax? dx] u=e™™® y==
3 L5 € 5
du=-2axe~*'dx dv=x*dx
I(x,@) = xe~%* + x3e=x* -I- xSe~wx” 4
2.4a° _
fxﬁe ax? gy

By applying the partial integral again,

_ 2a _
fxe“" dx——e w? 4 2 fxe“" dx

e’ v==1
7

du=-2axe ' dx dv=x5dx

u=

2 2a _ .2 2%g? 2
I(x,a) = xe ™ +—x3e ax +—5x5e axt 4
2 —ax —ax?
—x’e +—fx e dx
357

3,3
+ Iy Temar® 4
3:5.7

—ax?
fxzae ax” dy

_ 2a 22¢2
1, ) = x.e~®" [1+ = 2+¥x4
2%t 2" ”XZ” 2404
x84t
3.5:7.9 3.5:79..2n+1)  3.57.9..(2q+1)

derivative of I(x,@); It gives itself according to
the rule in (3).

q n,n,2n q,9
2 2
I(x,a)=x.e“”‘z[l+z 2 4 z

n=1357.(2n+1)  357..(2q+1)

1,(x, a)]
1)
(21) the general equation is found.
Where; ,
I,(x, @) = [ x29e=x" dx
a9z,
I,(c @) = (—1)'1%;") q=123, ..
(22)
The last term because q is too big;
lim [ x27e=% dx — 2
q— e
(23)

(23) It takes the value. here; € = 2.7182....
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Thus, by the approximation method, the indefi-
nite integral value;

fe‘“"zdxzx.e ax [1+Z T

ney 357 3.5.7..(2n+1)
20+1q4 1]

3.5.7...(2q+1) "e

(24)
(24) is found as.
ST S @)
3_5.7_._1(2“1):(22:3’)! (6) 357..0q) =52 (26)

] 2q —ax? z
gl_(g (2 +1), -0 (28) llmfx e dx—> : (28)

Where; 0<a <1 e=27182...

Let’s substitute the equations (25), (26), (27) and
(28) in equation (24);
@ p2mgnyen g

(2n+1)!

[e o dx= xe‘“"z.[HZ
n=1

[ e dx =xe“""2.[zoo —Zzn“nxzn'n!] (29)
n=0

(2n+1)!

if we make an arrangement in the equation (29);

1(x,0) =f e~ dy =xe'“"2.[zm ( \/_x) "] (30)

n=0 (2n+1)‘

Equation number (30) is found.

I(a)=[e ™ dx = xe‘“"z.z gt (\/_x)

n=0 (2n+1)!

x2a 2a —axz @
I1(x,a) = .Zn exeey (\/_x)

3 L _ax2 (ﬁx)2n+1
1(x,a) = = z —
n=0

I(x,a)= [ e dx = J%_ae‘“"z.arctanh(\/ﬂx) +c(31)

The equation takes its simplest form as follows.

1.3 Understanding Integral Solution Of The
Gauss Integral By Differentializing With Both
Harmonic Series And Function Solution

I(x,a) = fe“”‘zdx =] (—L) dee’ = - Lg-ax _

2ax
f e d( 2ax)

1 _,2 1 1 .}
) - - - . - =
I(x,a e e~ dx
2a 2a x2
1 g (1)( 1)d o
-— - (=—)de
2ax 'f 2ax? 2ax
I(6,0) = ——e % 4 [ ( ! )de“’”‘2 =
! 2a 22q2x3
1 —ax? -ax? —ax? ( 1 )
-— e —Je ™d
2ax + 22q2x3 f 22q2x3
a2 —ay? 1.(-3)\ _gx2
—_ 1 -ax ax? _ ax
I(x, @) 2 € 22a2x3 f (Zzazx‘*) dx
2 3 3.5 2
— _ —ax e’ _ -ax
I(X 0!) x + 22a2 3¢ 23a3x5 24atx7
(- 1)"“135 (2n+1) -2
—t 2MgMy2n+1 dx (32)
General equation no (32) and (33) is found.
2 1 2 1 3 35
e dx = —e™ ™ [—1 - -
f 2ax +2 a x2  22qZx*  23a3x®
357 135.7...(2n+1)
2hgig8 T Mgy 2n

(D)™1L135..(2n+1) 1)M1135..(2n+1)
Znanxzn

(33)

[ e~ dx = Ee [Z

Let’s write the equations (25), (26), (27) and (28)
in equation (33);

(-D™(2n+1)!

[ee]
2 1 2 . !
—-ax — —-ax
e dx =—e ™" [- E
f 2ax [ n=0 2".a".x2“.(2n)!]

00
—axz n
- (-D)™(2n+1).(2n)!
ey =¢ D7 entl).(2n)-
f m [ (Zn)!.( 2OM)Z‘rHl]
n=0

[ e fe;gz.[-ijo(—1)n.(2n+1).(@)2’”1]

If we substitute 2 for-1, (-1)» =2 and ii in
place of -1 in front of the sum;

Zn
f —ax? dxi \/_ l[(l)
n= 0(2n+1)

[ e dx = ?[lz () O

1 )ZTH'l

n=0 (2n+1)
1
arctanh(x)=arccoth(?) (35)
since (35);
tanhx = zw x2n+1 _zw (2n+1)
arctannx = o (zn+1) - neo (~ivZax)2n+1
arctanh(—ix) = —i.arctanhx
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becomes;

e dx = J%e‘“"z. i[arctanh(=iv2ax)| + ¢ 57)

In general, the function value of the Gaussian in-
tegral;

—ax? 1 _ g2
Je ™ dx = e @** arctanh(v2ax) + ¢ (38)
Logarithmically inverse function;

arctanh (x)=%ln [g] x|l <1

equal;
—ax? _ 1 —ay2 1+V2ax
Je ™ dx = PNorid ax .ln[l_mx]+c |\/ﬂx| <1

39)

The indefinite integral of the Gaussian Integral;
In both the differential equation and the partial
integral method, the variables were determined
differently and the same value was found in all
three solutions.

2.1 Solution Of The Indefinite Integral Soluti-
on Of Gauss Integral [38] In Quantum Physi-
cs[1] Wave Function In x Position And k Space
f(X,a) Wave Function As Variable f(x,)

Wave packets in Quantum Physics and the use
of Gauss Integral in indefinite integral solution
in uncertainty connections;

Wave function in space;
® ; 40
fG) = [, g(k). e™* dk oo

Let’s consider the defined function. The real part
of f(x); It is f_"‘;o g(k) . coskxdk. And this is line-
ar overlapping of waves of wavelength A=2rvk.
. Because the wave reproduces itself when x is
changed to x+2mvk for each value of k.[1]

k) = e=(k-ko)” (41)
Let’s choose (41).

Then the derivative can be taken.

60

(k" = k — kq including,
fGx)= f_o:og(k), ellk—ko)x gikox qJ

f(x) = etkox f ek’ x gk g

f(X) = plkox fj:oe—a[k'—(ix/za)]z e—(x2/4a) dk’
[1] This is;

k' — (ix/2a) = q

to write and made to leave the derivative along
the real axis.

[ e i = J= 1
f(x)= \/ge”‘oxe‘(xz/”'“)

(42) is obtained.

is used;

(42)

When |eik0x|2= 1,

eikox
product is known as a"phase multipler'.

s 2
x)|? =—e*/2% will be.[1
R == [1] w
If we substitute the indefinite integral value in
the formula of the Gaussian integral (38);

Jp ) 1 2
Whenused as [ e~ dk = = ak ,arctanh(\/Zak)
1 2 . 2
x,a) =—e~%" arctanh(y2ak).etkox, g=(x*/4a)
flx,@) = (V2ak) )
If (x, a)|* = ie‘za"z.arctanhz(\ﬂak). e~(x*/20) (45)

2.2 Wave Function Equation In The One-Di-
mensional, Time-Dependent Schrodinger Equ-
ation (66,67)

Since it has a spatial variation only in the x direc-
tion but not in the y and z directions, if we add a
simple plane wave time factor;

ikx—iwt

It can be written as €

Where w = 2mv is the angular frequency.

Since the quantity k depends on the wavelength
by k = 27T/ 1) thiscanbe writteninasimple wave
form g2mi[(x/D)-vt] (46)

Here, with the simple relation V=¢/4
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2mi(x—ct)/A — ,ik(x—ct
e2mi(x—ct)/A = pik(x—ct) becomes the formula.

(47)
fix,t) = [ g(k). eV dk = fix-ct)
fix,t) = [ g(k).ex—wktqg (48)
fix,t) = [ g(k).etkx-wkt g (49)
We can write;

~ _ awy 1o oy (2
Wl = wika (k=) () +30-102 (55),
o 2 (50)

f(x’t):etkoxe—lw(ko)t fe—ak )

(51)

e—i(k'Z/Z).[(dZW/dkz)].t _ eik’[x-(‘;—”k”).t]dk,[l]

Leaving aside the previous phase multiplication,
the form of the x and t coordinates can be written
as the propagation speed of the packet, that is,
the group speed, as follows;

Where = (d_w) Like this; (52)
g dy Ko

i 1(d? . .

If E(d_’:zv)ko =p is defined; (53)

We can write the formula;

flxt) = ei[kox-w(ko)t]f eik'(x-ugt)_e—(a+i/;t)kr2 dk (54)
If XY issubstituted forx and a+ ipt is

substituted for ¢
(x-Vgt)?

1
f(X, t) = ellkox—w(ko)t] ( T ) /2 . e_[4(a+iﬁt)] (55)

a+ift

formula is obtained.

The most important result is: If it represents a
particle with momentum p and kinetic energy

2
p /2m v = dw _ p
Itshould be “

(o Ve et &7)
G l= () e
E=hw (58)
by establishing the connection W=~
(59)
To be consistent, k :27” = g (60)

This connection needs to be made between them.

Let’s substitute the solution of the Gaussian In-
tegral (38);
flx,t) =

(x-vgt)”

. - g
Jz(%iﬁt) e~(@*iBOK* arctanh[\/2(a + iBt). k] e Cearipo]
(61)

In quantum physics, by solving the Gauss Integ-
ral, the position-time equation of the wave func-
tion is found as the function value.[1]

On the other hand, our wave equation is;

Itcanbewrittenas; 1 i(px-Et)
W(X,t)fﬁ.f dp(b(p).e h
L AP 1 ipx-Et)
ih—— _\/ﬁ'f dp®(p).E.€ =
1 pz i(px—Et)
=5 o) -€ n
2
S w(z’t) become.[1] (62)
2m dx

The wave function is a general solution of the
differential equation.

One of the solutions of the wave packet is located
between the widths in x and k spaces;

Ak.Ax =1 is the reverse reciprocity connection.
(63)

If we take the derivative 1k =P = hok =0dp

) Ap
thatis; Ak = T

If we write the value 4p.4x = h instead;

Ap.Ax >h[1]

One-dimensional time dependent Schrodinger
equation;

Here the wave function is;

Pt h YD)

ih dt T om " ax? +V-¢(x. t)
PY(x, t) =
(65)
—1 i 2 _r(x_”gt)z]
/—z(aﬂﬁt)e_(aﬂﬁf)k .arctanh[y/2(a + ift) k]. e +@+if0
(66)
2
P(x, £)= e e~ (@HBOK?, Iy [M] e
) Zm ' 1- 2(a+i/3t) .

(67)
dp. Ax 2 g is found. )
g(k) = e™@¥* .
f(x) :f g(k) eikxdk [1] (70)
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2.3 Direct Space Wave Function In Space K w
(k), By The Method Of Partial Integration Wit-
hout Approximate Value ¢ikx, Differential, Ge-
neral Wave In Space k (72)

Let’s write the wave function in k space using the
equations (69) and (70);

f) =] glk)e*dk=[ e @ elkxdk =

f ok’ (é) detkx = .l[e—akz ikx J‘ pikx Jo—ak ]

X

In the last equation, the integral value of the fun-
ction, equation (70), let’s take it to the common
denominator and apply partial integration con-
tinuously;

ik _ 1|, -aKk? ik
zzxz) f e~ @k" glkx gl = ;[e aK” gl 4 (71)
2_”‘ke—ak2.ezkx +2i_:f kze—akz eikxdk]

ix

20, 1 2%a3 2505

I+—+-55+5.55+

( ix a i3x3 i5x5

n=2n-2 P 2 .

2 —ak” ,ikx gL, — |p,—ak® ,ikx

bn_z.in_zxn_z).fe e"¥dk = [e7%" . eM¥ +
20, _op2 —ak? i 2°a® 2

ke ak ka_l_ k2 ak eth_l_ (_ _

ix i3x3 *a

i 6.6

$(5k+;k3 +k5).e'“"2 Letkx ++2,_a(—ik2 +
i 7.7

%k2+ik3—ik4+k6),e—ak2le”"“+%f (=-

2kt (2-=). kz LKtk -2k +

2a) " 20 22a? a? 2a 20

k7].e~ %" det [ay.k + ay. k2 + agk? +

QK% + o+ K+ a ke dethr (72)

As aresult,

the general equation (72) of the

f(x) = [ eak*eikxqk  function is found.

2.4 Approximately Wave Function (78)

a, = ay,0y,0a3, ... Ay_q,q, = constant n=1,2,34,...
b, = by, by, b5, ... by_3,b,_, = constant n=1,2,34,... (73)

Since;
r{%szn " dr -2 and | 2] <1 74)
n—>oo ingn (_)n = (75)
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© ,
2 2Mg" 1 ix
monm T aT T .
_o i = ix-2a
n=0 1 ix

lim 2 nf [a;.k + a, k? + ask® + a,k? + -+

n-oo iMx™
—ak? g
Ao KV + @ k™. 6" deth* -

(76)
(77)

i3x3 iSx

(Sa;{—zﬁa)l(%))[e—ak elkx qf = [1 +—k2
22 Ch—k)+ 50 (20 k) 455 Skt 2ie 4
"75)7 x:( ;k2+2—k2+—k3——k4+k6)

k5+k)] ”‘x+c

3,3 5,5
<1+2,—“+§.2.—“+5.2.—“5+

(78)

Positional wave equation in space; with the ap-
proximate method, the function ; the 7th degree
equation of x and k values is found by equation
(78).

2.5 [ e *eikxdk and f(x.t.a) =
i e~k gikx—iwkt g [n Location And Time De-
pendence , Exact Solution Of Wave Equations
[81,87]

Approaching it from another angle, let’s diffe-
rentiate the expression e~®*” in the partial integ-

ral;

flx) = fg(k)e”‘"dk = [ e~@k?gikx gl =

J'eth ( de=%%* = _1 [le—o:kz elkx _
—2ak 2a " Lk '

f e—akzd(EeLkX)]

— _Le—akz e

k
1 1 —ak? ikx 4 L (3 3K
(22 Zkz) = +lx) € € +23a3k3(k2 k +

ikx _

i252) e-ak? elkx_ 1 [ _ 35 34ix  3i%x®  3ix
' ' 24qt k6 | kS k4 k5
i2,2 3,3
3ix”  x (l)eikxde—akz
k4 k3 ) Nk
—ak? i 1 _gk? i
fe ak lkxdk=__e ak_elkx_

2ak
1. 2 1 3 3ix
= +ix).e"ok" gthx (———+
(zzazkz) (=0 233 \k2 &

2 1 35  15ix  6i%x?
Lx).e ak .e”‘x——( =

P ANE k2 k
i :2,..2
i3x3 e_akz kx4 1 _ 35 15ix  6i‘x
' 25a5k5\ k3 k2 k
i3x3) e_akz eikx_ 1 (358_1581)(_1731 x? 533 —
' 26q6k6 k3 k
ok’ 3589 | 15.8%ix | 17.3.7i%x?
25 5 TR0 k9 k8
52{ 3 x3 +62 i3x3  si*x*  358ix  158i%x% 17.3i%x3  s5itx*
(4(54 . ,5(7 T ke ° k& k7 k5
6i%x i°x i
k6 kS )'elkxdk (79)
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Let's write equation (79) above in the simplest
way, in binomial expansion;

fe—akzeikxdk —
—ak? ik “ =" ZH—Z n-2Y) 1 i —2—
eekeln ) [l ) pravira
(80)
fx) = [ ek’ eikxgy = e‘“kz.e”"‘.z [ Cut ].(%+

neq 2hamkn
ix)" 2 +c ¢ = constant (81)

Since; Z (—1)"(L)"= . 2ak|<1; (82)
n=0

2ak 1+2ak
@ 1 1 —2ak
—_ ni__\yn e —_ —

zn:l( 1) (Zak) 1+2ak 1+2ak (83)

iy (L iy =
D DGR G0l =

1 2ak?
1+ﬁ_(%+ix) T 2ak2+2aixk+1 (84)

(84) is found from the Taylor series.

flx,a) = [ e~ eikxgk

. . * _n
[ e=ak?giiex gl = e-akzelk’f.z ]G+ )" + C

ngngn
n=1 2"amk

flra) = feteirak =y (~12GEC+
n=1

2ak
)" . (% + ix)"2.e~K* gikx 4 C

flo) = [ e elrde = (Z;(_l)"[(ﬁ)-(i *
)" )G+ i0) ek e 4

(2aikx+1) k2
2ak2+2aixk+1 " (1+ikx)?

[ e~k glkx gl = — e~k gikx 4 ¢
(85)

The general wave equation in k space is found
with equation (85).

Time dependent wave equation;
fx,a,t) = [ g(k).e*—wktqk (86)

flx,a,t) = fe—akzeikx—iwktdk —

—ak? ik—iwkt N DT g e

e % e . [ ][k+(1x wt)[* 4+ C
n

nynen
12¢7zk

(87)

2.6 Wave Equation In K Space With Location
And Time With Taylor Series Solution(88)

11
If e GHx—wdl<1, when we use Tay-

lor Series;

1 1. .
flot,a) = fe—akzeikx—iwktdk - _ gl;'(i?x._m‘/t) ) l+
T Gt ix—iwt) k
ix — iwt)2 e k" gikx-iwkt 4 ¢
(88)

The position and time dependent wave equation
is found.
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